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PROSPECTIVE TEACHERS’ SUBJECT MATTER AND 
PEDAGOGICAL CONTENT KNOWLEDGE OF VARIABLES 
Nihat Boz 
University of Warwick 
The knowledge base of teaching is an amalgamation of different forms of knowledge. 
In this paper I focus on prospective teachers’ subject matter knowledge as a source 
of pedagogical content knowledge. I illustrate how subject matter knowledge affects 
prospective teachers’ pedagogical decisions in the context of variables. 
INTRODUCTION 
The concept of variable is one of the most fundamental concepts in mathematics from 
elementary school through to university. However, research conducted in many 
countries indicates that students experience difficulties on their journey to learning 
the concept of variable. Although it is so fundamental and so difficult to learn for 
some, we do not know enough about teachers’ or prospective teachers’ knowledge 
base for teaching this concept; in particular subject matter knowledge and 
pedagogical content knowledge. This paper concentrates on prospective secondary 
mathematics teachers’ knowledge and understanding of this fundamental concept- the 
concept of variable. It is based on a study of the relationships between subject matter 
knowledge and pedagogical content knowledge of variables. 
THEORETICAL BACKGROUND 
It is commonly agreed that teachers’ professional knowledge which is the knowledge 
base of teaching is an amalgamation of different forms of knowledge. There are 
different ways of classifying the knowledge base of teaching. One of the most 
influential classifications is suggested by Shulman (1986), who distinguishes several 
components of the knowledge base of teaching: subject matter knowledge; 
pedagogical content knowledge; general pedagogical knowledge; knowledge of 
educational aims. He describes pedagogical content knowledge, as “in a word, the 
ways of representing and formulating the subject that makes it comprehensible to 
others” (p.9), and says that it includes:  
an understanding of what makes the learning of specific topics easy or difficult; the 
conceptions and preconceptions that students of different ages and backgrounds bring with 
them to the learning of those most frequently taught topics and lessons (p. 9).  
Shulman (1986) also argues that teachers need to have two kinds of understanding of 
subject matter- knowing “that” and knowing “why”: 
We expect that the subject-matter content understanding of the teacher be at least 
equal to that of his or her lay colleague, the mere subject-matter major. The teacher 
need not only understand that something is so; the teacher must further understand 
why it is so (p. 9). 
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teachers’ decisions about the presentation of the subject matter in the context of 
functions and undefined mathematical operations. 
I will discuss how these types of understandings affect prospective teachers’ 
responses to pupils’ questions related to variables.  
VARIABLES 
In this paper, the definition of the term variable is taken as the literal symbols that are 
used to represent numbers. As many others point out; there are different uses and 
conceptions of variables: variables as generalized numbers, variables as unknowns or 
constants, variables as parameters or arguments, variables as abstract  symbols 
(Usiskin, 1988; Kuchemann, 1978; Ursini and Trigueros, 1997). However, the 
principal uses of variables that are part of the school curriculum are variables as 
unknowns, as generalized numbers and as varying values. (Kieran, 1990; Ursini and 
Trigueros, 1997).  
Hence “knowing that” in the context of variables includes symbolization, 
manipulation and interpretation of each one of these uses in different mathematical 
situations. This makes the “basic repertoire” of subject matter knowledge of 
variables. Even (1993) argues that teachers should acquire the “basic repertoire” 
which gives insights into, and a deeper understanding of general and more 
complicated knowledge. General and more complicated knowledge of variables is 
integrating all these uses into one concept, and shifting from one to another in a 
flexible way. 
In the context of variables, “knowing why” includes comprehension of why rules in 
manipulation of literal symbols work and anticipation of the consequences of using 
these rules.  
METHODOLOGY 
Participants in the study were 184 prospective secondary mathematics teachers in the 
second, third and fourth years of their preservice education at three universities in 
Turkey. Data were gathered in two phases. During the first phase, 184 prospective 
teachers completed an open-ended questionnaire. The first part of this questionnaire 
which consists of 10 questions dealt with several aspects of subject matter knowledge 
of variables that are considered to be essential for teaching variables. The second part 
which consists of 6 questions addresses components of pedagogical content 
knowledge of variables. In the second phase of data collection, ten prospective 
teachers were interviewed after analysis of the questionnaires. 
RESULTS 
The report here is based on one of the questions which were asked in the first phase 
of the study. In this question prospective teachers are presented with a scenario in 
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teach about variables:  
How would you react to your students’ questions as below in the classroom? 
Explain!  
a)   “Teacher, why does 2a+5b not equal 7ab?” 
b)  “While solving equations, why does x change its sign when it is brought to the 
other side?” 
For both parts of this question more than 
80% of the respondents write that they 
would try to explain it to the student. 
Responses to part (a) were categorised 
as seen from the table on the left. 
Table 1- categorisation and distribution of "knowing
why" of part a
33 17.9
Frequency Percent
68 37.0
58 31.5
159 86.4
25 13.6
184 100.0
Number
Object
Invalid explanation
Valid
Total
Missing
Total
A few students 33 (out of 159 who 
answered part (a)) gave a valid 
explanation to part (a) by making an 
analogy with numbers and/or explaining 
it by a counter example. For example: 
⎯ “Assume that the two expressions are equal and then substitute values for a and 
b; and see they are not equal, i.e. for a=2, b=3, 2a + 5 b =19 ≠ 42= 7ab”  
68 of the respondents preferred to explain this part by giving meanings to a and b as 
objects. e. g. 
⎯  “2a+5b is 2 of a and 5 of b, like we say 2 apples and 5 pears.” 
⎯  “We can add quantities of the same kind. We can’t add a & b together since 
they are of different kinds.” 
However, giving meaning to letters as objects, sometimes labelled ‘fruit-salad 
algebra’ is criticised in the literature. One of the reasons for this criticism is that this 
approach encourages students to perceive letters as objects. Another reason is that 
this approach begins to be unsuccessful in situations where brackets or minus signs 
are used (How can a banana be minus?). Therefore, this type of responses can also be 
considered in “Invalid explanation” category.  
Another large group of respondents (58) do not give a valid explanation for why 
2a+5b is not equal to 7ab: 
⎯ “I have never taught. But, when they ask, I try to explain it patiently. I am here 
since I trust my patience and I like maths.” 
⎯ “I begin with explaining the meanings of multiplication and summation” 
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mathematical explanation. 
⎯ “It is a rule” 
⎯  “everything that goes to the other side changes its sign, therefore x changes its 
sign” 
⎯ “Let’s write an equation. 2x-5=0 Î here let’s take x to the other side, we get -
5=-2x. Because the sign of x is +. This passes to other side as -. The inverse of 
addition is subtraction” 
⎯ “First of all I would want them to think of the equation as a number line. If we 
think of ‘=’ as zero, the numbers on opposite sides of zero have opposite signs. 
Therefore when we pass x to the other side of the symbol ‘=’ it changes its sign” 
      Table 2- categorisation and distribution of
"knowing why" of part b
14 7.6
68 37.0
67 36.4
149 81.0
35 19.0
184 100.0
Number Analogy
Preserve the equality
Invalid explanation
Total
Valid
Missing
Total
Frequency Percent
 
These prospective teachers “know that” 
a literal symbol changes its sign when it 
is brought to the other side. However, 
they seem to forget or don’t know why 
this rule works. This seems to affect 
their explanations.  
On the other hand, more than half of 
prospective teachers (82) “know why” 
this rule holds and therefore provides a valid mathematical explanation to the student. 
However there are differences in their given explanations. A small group of 
respondents (14) draw an analogy to numbers to explain the rule. e. g. 
⎯ “Like the numbers change their signs when they change side, since x as well 
represents a number it changes its sign when it changes its side.” 
Another group (68) mentions that we have to keep both sides of the equation equal 
and explains where this rule comes from: 
⎯ “Changing the sign means subtracting or adding x to both sides. On one side x 
cancels out –x, and on the other side we get –x.” 
This group of students “know why” the literal symbols change their signs and they 
make use of this knowledge in their reactions to students’ questions. This may 
suggest that subject matter knowledge of prospective teachers affects their 
pedagogical decisions on reacting to students’ comments and questions. 
DISCUSSION 
In this paper I dealt with prospective teachers’ presentation of subject matter 
knowledge of variables when faced with students’ questions. As Even and Tirosh 
(1995) point out teachers may respond to such questions considering different aims, 
such as “encouraging cooperative work among students, making students feel good, 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 4 
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002etc” (p.17). I analysed prospective teachers’ responses in the light of existing 
literature on subject matter knowledge as sources of pedagogical content knowledge. 
   Table 3- SMK question * part a) Crosstabulation
Count
52 42 94
5 13 18
57 55 112
number
object
SMK question
Total
number
part a)
object Total
This crosstabulation is obtained after recategorisation of part a) just
considering whether their explanation contains objects or numbers
I differentiate between “knowing 
that” and “knowing why” types of 
subject matter knowledge of 
variables. It is generally agreed within 
the mathematics education 
community that teachers should have 
both kinds of knowledge. (e.g. Even 
& Tirosh, 1995; Skemp, 1976). As we 
saw in this paper, prospective 
teachers “know that” there are certain 
rules about manipulation of literal symbols. When it comes to “know why” these 
rules hold, they do not show the same success. For part a) 80 % of respondents do not 
provide a valid explanation. About half of these responses treat letters as objects; the 
other half do not even provide any sort of valid explanation. 
Inferences about their subject matter knowledge of variables are further facilitated by 
interviews, and also by cross tabulating of this question with other questions which 
assess their subject matter knowledge. The figures in contingency tables show 
connections between SMK questions and PCK questions. For example, the content of 
the contingency table (Table 3) of part a) with one of SMK questions which reads 
“What different things might an algebraic expression such as, say 2x+1, mean? What 
can x stand for?” shows: most of the students writing x can be a number in 2x+1 
employed explanations, for part a, involving numbers while most of those who did 
not write x can be a number used objects in their explanations. The evaluation of this 
connection by chi-square gives p=0.03, which is statistically significant at 0.05 level. 
This may suggest that these prospective teachers themselves treat letters as objects. In 
fact, in the interview when I asked “How could an apple be minus?” to one of the 
students after she said x can be an apple, she answered: 
Let’s say there are some apples or pears in a box. Saying minus b means, for 
example, if we mean pear by b, taking a certain amount of pears from that box, that 
is, reducing it… 
This student teacher regards minus sign as an action (taking out) on objects and sees 
no danger in considering “–b” as minus pear. However, we see that most of the 
students do not give such an explanation for part b). 
For part b) more respondents give a valid explanation. 14 students draw analogies to 
numbers and none of them use objects to explain why literal symbols change their 
signs when they are brought to the other side.  
The concept of variable has already been studied by these prospective teachers during 
their own secondary and high school years. They have managed to overcome the 
difficulties in manipulating literal symbols. They are well versed in algebraic 
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the reasons “why” rules in these manipulations work. Therefore, this affects their 
pedagogical explanations to students’ questions.  
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SOMATIC MARKERS: TEACHERS' DECISION-MAKING AND 
STUDENTS' EMOTIONING IN MATHEMATICS CLASSROOMS 
Laurinda Brown and David A Reid 
Graduate School of Education, University of Bristol and School of Education, Acadia 
University, Canada 
Teachers and students of mathematics continually act in complex situations, often 
without time for reflection. Damasio (1996) develops what he calls his 'somatic 
marker hypothesis' to account for how people manage to accomplish this. By 
‘somatic marker’ Damasio means a bodily predisposition that informs our decision 
making.  Here we describe how we have used the idea of somatic markers in our 
previous work on teachers' complex decision-making (Brown and Coles, 2000) and 
students’ explaining in mathematics classrooms (Reid, 1999, 2002) and share our 
current thinking in relation to how we are working to locate somatic markers. 
The seminar is about to start. People enter the room and sit down. The leader invites 
individuals to try to reconstruct how they made their decision about where to sit in 
the room. Some people reported having a physical predisposition to sitting, say, at the 
back of the room in order, with their long sight, to be able to see any overhead 
tranparencies clearly. Some people reported an awareness of their own need for 
personal space. One person, who had been told both that he was going to be chair and 
who also knew that someone else had already spoken to Laurinda as if they were 
going to chair the session, said that he sat so that he could see the whole room, facing 
the other possible chair, so they could sort out the confusion. That other person 
immediately commented with words to the effect of “That's strange; you were already 
sitting there when I came in.” Feedback from others in the group led us to wonder 
about the role of memory in such reconstructions of events. John Mason reported that 
there had been no inner speech for him in the process of deciding where to sit, and 
this led him to distrust some of the other reports. 
In everyday life we make identifications without employing any conscious thinking 
process. For example, in walking down a city street we identify some people as 
potentially threatening, and others as potentially needing our help, while ignoring the 
majority of the people we pass. We do this spontaneously and unconsciously, making 
decisions to change our own behaviour without even being aware that we are making 
decisions at all. Damasio (1996) discusses the neurological basis for this process and 
uses the term ‘somatic marker’ for the juxtaposition of image, emotion and bodily 
feeling we have that inform our decision making: 
Because the feeling is about the body, I gave the phenomenon the technical term somatic 
state (‘soma’ is Greek for body); and because it ‘marks’ an image, I called it a marker. 
Note again that I use somatic in the most general sense (that which pertains to the body) 
and I include both visceral and nonvisceral sensation when I refer to somatic markers (p. 
173). 
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In their work on teachers’ complex decision-making, Brown and Coles (2000) state: 
Somatic markers act to simplify the decision as to which behaviour to try. Negative 
somatic markers mean that the behaviours do not even come to mind as possibilities for 
action. A positive somatic marker means that the behaviour becomes one of a number 
available for use (p. 168). 
As we go through life we associate some of our behaviours with events that we 
experience as pleasurable. That experience changes our bodily structures in ways that 
mean that the behaviour becomes marked, so that in similar circumstances we are 
likely to behave in similar ways. Other events we experience as unpleasant, and then 
our bodily structures changes in ways that mean the behaviours we associate with 
those events are less likely to occur in the future:  
Somatic markers are thus acquired though experience, under the control of an internal 
preference system and under the influence of an external set of circumstances which 
include not only entities and events with which the organism must interact, but also 
social conventions and ethical rules (Damasio, 1996, p. 179). 
We believe that Damasio’s notion of ‘somatic markers’ might help us to describe the 
development of teachers and students engaged in mathematical activity in classrooms. 
For example, David is interested in the process that occurs when an utterance in a 
mathematics class is perceived as being an explanation (see Reid, 1999, 2002; 
Drodge and Reid, 2001). The mathematics class is a species of community, one in 
which certain implicit, unconscious, embodied criteria are applied to utterances to 
decide whether they qualify as explanations. Agreement in a group of people about 
what utterances are explanatory defines what Maturana (1988) calls a ‘domain of 
explanation’￿. Maturana also uses the phrase ‘emotional orientation’￿ to describe 
the shared implicit criteria for accepting explanations that define a domain of 
explanation. One feature of the activity of professional mathematicians is the offering 
and acceptance of explanations of a certain type, and so mathematics is an example of 
a domain of explanation, with an attendant mathematical emotional orientation. A 
mathematics class is a different but related domain of explanation, within which the 
emotional orientation of each individual is shaped by the experience of collective 
mathematical activity. 
As another example, we invited participants in the session to read the following notes 
from a lesson observation, to try to identify points where they felt that the teacher 
(Alf Coles) made a decision without conscious reflection. Could the participants 
identify (‘see’) the somatic marker(s) and how they might be changing in the set of 
circumstances described? We invite the reader to engage in the same task before 
reading on from the end of the observation notes. 
The time is mid-October. The class is a mixed ability Year 7 (ages 11-12 years old). 
Observation notes are taken by Laurinda who writes everything the teacher says 
(indicated by -) and as much of what the students say (indicated by ~) as is possible. 
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Three dots during speech indicate a pause. Three dots in brackets indicate some 
dialogue has been left out due to considerations of space or to clarify.    
1  - I’d like someone to come up and draw another pentomino (black in Fig. 1a) that is 
touching it in some way. What we’re trying to do is cover the board 
with no gaps and no overlaps. 
2  - Comments first. 
3  ~There’s a gap.   
4  ~You’re not supposed to have any gaps.   
5  ~ There’s a hole in the middle. 
6  - Is there any way we could fill that gap?   
7  - Could someone else come and draw one touching? (Alice draws Fig. 1b.) 
8  - Alice has performed an action that forms a pattern. Can you carry on that pattern? 
(A student draws Fig. 1c.) 
g. The next ‘next’ one  h. ‘One down.’ 
d. Six at the bottom  e. The next one.  f. The next shape 
a. ‘There’s a gap.’  b. ‘Touching.’  c. Six at the top 
Figure 1: The sequence of pentomino images. 
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9  ~ There’s too many. 
10  - Try again. It’s much harder when you come to the board. (A student draws 
Fig.1d.) 
11  - What’s the problem there again?   
12  ~ It’s the same but at the bottom. 
13  - Could someone else come and say where the next one goes? Remember, no gaps, 
we’re trying to do this in a pattern. (A student draws Fig. 1e.) 
14  - Comments.  
15  - Could someone … draw the next shape in this pattern? (A student draws Fig. 1f.) 
16  - And the next one? (A student draws Fig. 1g.) 
17  ~ I would have put that (last) one between the 2 ‘blue’ ones… 
18  - People seem to be placing shapes randomly … I’m going to rub all these off. 
(Back to Fig. 1b.). 
(Some hesitation as the girl goes to place the new white C in Fig.1g.) 
19  ~ I go down one each time.   
20  - Why did you put that there? 
21  ~ Because it’s one down.   
22  - Can anyone describe the action? 
23  ~ Turning it round as we go down…  
24  - Can someone come and draw that action again? 
25  ~ Moving one space down and reflecting, like the posters. 
26  - Excellent, one thing that mathematicians are doing all the time is trying to make 
connections between all the things they’ve done. 
27  - Can someone come and perform the inverse action? 
 
There was some discussion about every one of the teacher’s comments being 
evidence of his decision-making. However, the event that most attracted the attention 
of the participants in the session was Alf’s comment that the students seemed to him 
to be “placing shapes randomly” and his subsequent rubbing off of most of the shapes 
that had been drawn (contribution 18). This is clearly a decision point. Laurinda 
asked Alf, immediately after the lesson, what had stayed with him and he raised the 
fact that he was pleased that he had made the decision to rub off what had been done 
and return to the first pair of Cs: “I knew it was going random so we wouldn’t be able 
to track back.” (“do the inverse action”, contribution 27). This gut feeling (not inner 
speech) informed the decision-making. His awareness was of “this isn’t going to 
work if people think they’re just putting shapes on (anywhere), it has to be much 
clearer than this”. It was the actions that Alf was seeing as random not the pattern 
being created.  
John Mason then offered that with this background he now thought he could see 
another decision point. Looking back we see Alf comment on the first addition of a 
pentomino: “Alice has performed an action that forms a pattern. Can you carry on 
that pattern?” (contribution 8). He was wanting the students’ attentions to be on the 
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action this time, although in previous lessons using this activity he has worked with 
the language of pattern. So, the behaviour that is habitual and has accrued positive 
somatic markers is the ‘use of pattern’. Alf’s focus after contribution 8 and before 
contribution 18 is on ‘pattern’: “we’re trying to do this in a pattern” (contribution 11), 
“Could someone come and draw the next shape in this pattern?” (contribution 13).  
So the decision is not only to interrupt the adding of pentominoes to the pattern, but 
also to shift the attention back to the action of adding rather than the pattern 
produced. One interpretation of this event is that by contribution 18 Alf is feeling the 
randomness as a visceral sense and by rubbing off everything on the board back to 
Fig. 1b he is able to find out what happens with a focus on action not pattern. This 
pleased him and so he is now in the process of acquiring a new somatic marker in 
relation to ‘action’. Contributions 22, 24 and 27 indicate that this focus on the action 
continues. Here we would suggest that Alf is not developing a negative somatic 
marker that would lead him to avoid talking about patterns in the future, but is instead 
developing a positive somatic marker related to ‘action’ that will make it likely that 
he will focus on actions in similar contexts in the future.  
Our current collaborative research looks at the ways in which somatic markers 
influence teachers’ decision making and students’ reasoning, and the degree to which 
those markers can be observed by us, by colleagues, and perhaps by the teachers and 
students involved. Because somatic markers are a part of unconscious mental activity 
they cannot be observed by introspective reflection. In fact, the stories we tell after 
the fact about our decision making are likely to include inventions to account for the 
influence of somatic markers of which we are not aware. How then can we research 
something we cannot observe? The process described above, of examining decision 
points in a person’s actions, seems to hold promise. We can observe changes in 
behaviour, indicative of unconscious decision making, and consider what markers 
based on past experience might account for those decisions. The BRSLM session 
suggests that colleagues see similar events as suggesting the sort of unconscious 
decision making accounted for by Damasio’s hypothesis of somatic markers. This 
leaves us optimistic that it will be possible in our work to observe the effects of 
somatic markers in a range of contexts, to distinguish positive and negative somatic 
markers, and to suggest ways in which they form and evolve in mathematics 
classrooms.  
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Bob Burn 
University of Exeter (retired) 
This paper examines the components of the modern definition of the limit 
of a sequence, in terms of their historical genesis. In classical Greek 
times it was recognised that limiting arguments must be pursued with 
inequalities. With Newton the use of a quantity ‘as small as one may 
wish’ (our modern ε) was combined with inequalities. It was Cauchy who 
recognised that smallness was to be achieved ‘with sufficiently large N’. 
In each case these components of the modern definition emerge in proofs 
not in definitions. None of these components conventionally play a part in 
pre-university proofs and this may explain why the formal definition of 
limit is regarded as an ‘epistemological obstacle’. 
 
The phrase ‘proof-generated concept’ originates with Lakatos [1976, 
page 89]. Unlike Euler’s theorem on polyhedra, the limit notion has not 
developed by the invention of counter-examples, but by a widening of the 
problems addressed and the consequent increased generality required in 
methods of proof. In classical Greek times, limits, as such, were not 
investigated. But there were lengths, areas and volumes to which 
conventional methods of measurement did not apply. The use of 
inequalities by Euclid and Archimedes generated methods for measuring 
some of these awkward quantities. In the early 17th century Fermat and 
others became highly skilled in applying what they called ‘the method of 
Archimedes’. The arguments in Newton’s Principia (1687) are largely 
geometrical arguments about limits, and it is with Newton that the word 
‘limit’ appears in something near our modern sense. In his proofs Newton 
uses the notion of a quantity ‘as small as one may wish’. Cauchy (1821) 
gave only a verbal definition of limit, but used something 
indistinguishable from our modern definition in his proofs. 
 
To get a sense of what an historical view of concept-development may be 
like, and before we launch into our detailed study of limits, it may be 
helpful to listen to a quotation from Judith Grabiner (an excellent 
historian of 18th century mathematics) on derivatives:  
The derivative was first used; it was then discovered; it was then 
explored and developed; and it was finally defined. [Grabiner, 
1983] 
used: Fermat and others before 1650 
discovered: Newton and Leibniz  1666 - 1685 
explored and developed: 18th century 
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The point Grabiner is making is that the formal definition (of derivative) 
was reached after a lengthy mathematical process, and I suggest that, 
compared with that of derivative, the definition of limit was reached after 
a much longer process. 
 
Let us look at the standard 20th century definition of the convergence of a 
sequence. 
The sequence (an) tends to a    means 
                                                                                               
Given ε > 0, there exists an N, such that a − ε <  an  < a + ε   when n > N. 
 
The components here, emerge in proofs constructed by 
  Euclid (c.300 BC) and Archimedes (c.250 BC) - inequalities 
  Newton (1687) - ε 
  Cauchy (1821) - N 
 
The use of inequalities by Euclid and Archimedes 
The basis of all Greek ‘limit-like’ arguments is Euclid X.1 which is 
equivalent to the Archimedean Axiom. In particular it is the basis for the 
proofs in Euclid Book XII relating to the area of a circle, the volume of a 
pyramid and the volume of a cone. 
Euclid X.1 Two unequal magnitudes being set out, if from the greater 
there be subtracted a magnitude greater than its half, and from that 
which is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which will be less 
than the lesser magnitude set out. 
 
We see how Euclid X.1 is applied in Euclid XII.2. 
Euclid XII.2  Circles are to one another as the squares on their 
diameters.                                             P 
                                                                      R 
                                                   B         b  
                                                                          Q 
                                                             
 
To Prove: A/B = a
2/b
2. Proof by contradiction. If A/B ≠ a
2/b
2, then either 
A/B > a
2/b
2 or A/B < a
2/b
2.     Suppose A/B < a
2/b
2, then A/S = a
2/b
2 for 
some S < B. 
Now, to apply Euclid X.1, we take the greater magnitude to be the area B 
of the circle and the lesser magnitude to be B − S. 
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square circumscribed about B. 
B − square on diameter b = 4 circular segments on side of square. If a side 
of this square is named PQ and R is the mid-point of the circular arc PQ, 
then the triangle PQR is more than half the circular segment PQR. 
Likewise for all four sides. Now consider the regular octagon with 
diameter b. (regular octagon − square) > ½(B − square). By same 
argument, (reg.16-gon on diam. b − reg. octagon) > ½(B − octagon), and 
(reg. 32-gon on diam. b − 16-gon) > ½ (B − 16-gon). By Euclid X.1, for 
some regular polygon p(B) on b as diameter, B − p(B) < B − S.  
So p(B) > S. Now if p(A) is a polygon similar to p(B) inscribed in the 
circle A,  p(A)/p(B) = a
2/b
2 = A/S ⇒ A/p(A) = S/p(B), but A > p(A) and  
S < p(B). Contradiction. Similarly for the other inequality. 
 
The greatest skill in constructing Greek limit arguments was shown by 
Archimedes who used them to connect the area and circumference of a 
circle, to find the surface area and volume of a sphere and to solve a host 
of other problems. [See Dijksterhuis, 1987] 
As an illustration we cite his quadrature of the parabola [detail in Fauvel 
and Gray, page 153] To prove that the area of the parabolic segment, S, 
bounded by a chord PQ = (4/3) area A of the maximum triangle in the 
segment, Archimedes, like Euclid, proceeded by contradiction. if S ≠ 
(4/3)A, either S > (4/3)A or S < (4/3)A. Each of these possibilities must be 
contradicted. 
Now the maximum triangle in the segment with base PQ has more than 
half the area of the segment in which it lies, and the same is true of the 
remaining segments. Archimedes disproves both the inequalities by 
appealing to Euclid X.1 and making judicious use of the equation 
A + ¼A + (¼)
2A + ... + (¼)
nA + (1/3)(¼)
nA = (4/3)A. 
 
When we come to Fermat’s use of Archimedes’ method (1658), Fermat 
does not contradict two inequalities, but says that his proofs could be set 
up that way but would be unhelpfully long. 
 
I owe what I am going to say about Newton, to a recent paper in Historia 
Mathematica [Pourciau, 2001] comparing what Newton and Cauchy 
wrote about limits. Traditionally Newton is considered to be vague and 
Cauchy precise. Pourciau showed that this traditional view depended on 
which bits of Newton and which bits of Cauchy one read. If you choose 
quotations appropriately Newton can be made to look quite as precise as 
Cauchy. Now it is true that the use of the Greek letter ε was Cauchy’s 
choice, but by looking carefully at Newton’s proofs one can see him 
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There is some discussion of convergent sequences in John Wallis’ 
Arithmetica Infinitorum (1655) which we know Newton studied. But we 
should remember when thinking about Newton that one of Kepler’s laws 
was that the focal radii joining the planets to the sun sweep out equal 
areas in equal times, so in Newton’s diagrams of orbits, time appears in 
the form of area. In the Principia (1687) many of Newton’s arguments 
concern geometrical limits, like secants tending to a tangent. So let us 
turn to the Principia and look at Newton’s first two lemmas. We will find 
him using arbitrarily small quantities to establish limits. 
 
Newton  Principia, 1687 (trans. Motte - Cajori, page 39) 
Those ultimate ratios...are not actually ratios of ultimate quantities, 
but limits...which they can approach so closely that their difference 
is less than any given quantity. [Fauvel and Gray,  page 394] 
Principia, lemma 1 (trans. Motte - Cajori, pages 29 - 30) 
Quantities, and the ratio of quantities, which in any finite time 
converge continually to equality, and before the end of that time 
approach nearer to each other than by any given difference, 
become ultimately equal. 
If you deny it, suppose them to be ultimately unequal, and let D be 
their ultimate difference. Therefore they cannot approach nearer to 
equality than by that given difference D; which is contrary to the 
supposition. [Fauvel and Gray, page 391] 
 
Lemma 2 in Newton’s Principia is familiar to modern readers as the 
proof that a monotonic function is Riemann-integrable. If a given 
curvilinear area has both inscribed and circumscribed rectangles of equal 
width, the difference between the areas of the two sets of rectangles is 
exactly the area of the largest circumscribed rectangle. If the number of 
rectangles is increased, the width and so the area of the largest is 
diminished and becomes less than any given area. So the ratio of the two 
sets of rectangles (and necessarily the curvilinear area also) tends to 
equality. [See Fauvel and Gray, page 391]  
 
It is Pourciau’s thesis that we owe ε to Newton rather than to Cauchy. 
 
Now let us turn to Cauchy who is generally credited with the modern 
definition of limit. Here is how Cauchy defined limit, and he used exactly 
the same wording in 1821, 1823 and 1829, so we can be sure that so far 
as he was concerned there was no mistake here. 
Cauchy’s definition of limit[Cauchy, 1821, page 4] 
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s’approchent indéfiniment d’une valeur fixe, de manière à finir par 
en différer aussi peu que l’on voudra, cette dernière est appelée la 
limite de toutes les autres.  
[When the values successively attributed to the same variable 
approach a fixed value indefinitely, in such a way as to eventually 
differ from it by as little as one might wish, this latter value is 
called the limit of all the others. ] 
The definition has quite an 18th century or even Newtonian ring about it, 
and, however translated, these are not the words used in the definition 
given in modern texts. So where does Cauchy earn his reputation as the 
definer of “limit”? His reputation comes not from his definition, but from 
his theorems and proofs. 
Cauchy’s first four theorems with ε, N proofs. 
[Cauchy 1821, pages 48 - 60] 
1. If f(x + 1) − f(x) tends to k, as x increases, then f(x)/x tends to k.  
2. If f(x + 1)/f(x) tends to k, as x increases, then [f(x)]
1/x tends to k. 
3. If An + 1 − An tends to A, as n increases, then An/n tends to A as n 
increases. 
4. If  An + 1/An tends to A as n increases, then (An)
1/n tends to A as n 
increases. 
All four were new theorems. Cauchy gives full proofs of the first two and 
presumes that the third and fourth will follow. Unfortunately the first two 
are flawed and fail when f(x) = 1/(1 − x + [x]), for example. This is 
presumably why they are not exhibited when the history of limits is being 
discussed. However Cauchy only claims theorems 1 and 2 in contexts 
where they are valid. To show the first use of what looks like a modern 
definition, I will cite the first paragraph of Cauchy’s proof of theorem 1. 
“First suppose that the quantity k has a finite value, and denote by ε 
a number as small as one might wish. Because increasing values of 
x make the difference f(x + 1) − f(x) converge towards the limit k,  
one can give a number h a sufficiently large value such that, when  
x ≥ h, the difference is contained within the limits k − ε and k + ε.” 
Here we have all the components of a modern definition, which did not 
appear as such, in print, until after Weierstrass had begun lecturing 
(1860). The path from the Greeks through Newton to Cauchy has shown 
a way to consider ‘limit’ as a ‘proof-generated concept’: inequalities with 
the Greeks, ε with Newton and N with Cauchy. 
 
Why is this definition such a problem for our students? One fact seems  
clear; our courses and texts do not introduce the subject as a ‘proof-
generated concept’. I have tried to make a list of the places in British 
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have come up with. 
Pre-university results. Area of circle = (radius) × (half circumference); 
area of circle ∝ (radius)
2; volume of pyramid and cone;  1
2
1
4
1
8 1 + ++= K ; 
1
3= 0.33333...; 1 + x + x
2 + x
3 + ... = 1/(1 − x); asymptotes to y = 1/x: 
as x → 0
+, 1/x → ∞; as x → ∞, 1/x → 0; as x
x
x
→
−
−
→ 2
4
2
4
2
,.  
I have to admit that in none of these parts of school mathematics which 
implicitly involve limits do inequalities regularly find a place. 
Implications with inequalities are incidental to school mathematics. Even 
such arguments as n > 5 ⇒ n > 4 or 0 < x < 1 ⇒ x
2 < x are discomforting 
at school. Yet the limit definition is an implication between inequalities 
and that seems to be an obstacle. 
 
REFERENCES 
Cauchy, A.L.: 1821, Analyse Algébrique, reprint 1989, Jacques Gabay, 
Paris.  
Dijksterhuis, E.J.: 1987, Archimedes, Princeton University Press. 
Fauvel, J. and Gray, J. eds.: 1987, The History of Mathematics, a Reader, 
Open University. 
Grabiner, J.W.: 1983, “The changing concept of change; the derivative 
from Fermat to Weierstrass”, Mathematics Magazine, 56, 195-206 
Lakatos, I.: 1976, Proofs and Refutations, Cambridge University Press 
Pourciau, B.: 2001, “Newton and the notion of limit” Historia 
Mathematica, 28, 18-30 
 
[The most thorough study of limits at the pre-university level that I know 
is Hauchart, C. and Rouche, N., 1987: Apprivoiser l’infini, CIACO, 
Louvain, which is an analysis of pupils’ responses to 14 problems which 
were published, in 1994, as Some Encounters with Infinity by Manchester 
Mathematics Resource Group, Didsbury School of Education, 799 
Wilmslow Road, Manchester M20 8RR.] 
 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 18 
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002 
BUILDING A HOLISTIC VIEW OF MATHEMATICAL THINKING - 
DATA EVALUATION OF IMPROVING ATTAINMENT IN 
MATHEMATICS PROJECT 
Els De Geest, University of Oxford 
Anne Watson, University of Oxford 
Stephanie Prestage, University of Birmingham 
 
This paper describes how the thinking process behind the data evaluation of a research 
project led to considering a holistic view of mathematical thinking.  Improving 
Attainment in Mathematics Project (IAMP) is funded by the Esmee Fairbairn 
Foundation (grant number 01-1415) and involves three academic researchers and nine 
teachers-co-researchers. The aim of the project is to explore and develop ways of 
teaching and learning of below average attainers, focussing on stimulating 
mathematical thinking and understanding of key ideas in mathematics. 
BACKGROUND OF THE PROJECT 
The aim of the project is to improve attainment at Key Stage 3 of “below-average” 
learner by identifying key ideas in the curriculum and teaching in ways which focus on 
development of mathematical thinking rather than just teaching separate bits of 
mathematical knowledge.  “Below average” learners are defined in this project as 
students whose achievement falls below the government target as they enter secondary 
schools i.e. on pupils who have not achieved level 4 in the KS2 SAT score nor in the 
KS3 optional tests, or who achieved level 4 but have since “slid back” to level 3. 
Research by Boaler,1997; Ahmed et al, 1987; Watson, 2000 and Harries, 2001 show 
that low attainers often exhibit abilities to think mathematically.  For example, low 
attainers have shown the ability to use examples and counter-examples, to generalise, to 
develop efficient methods of working, to move to higher levels of abstraction.   Some of 
these are seen as features of advanced mathematical thinking (Tall, 1991; Krutetskii, 
1976) because they relate very closely to the way that mathematics is internally 
structured.  Research associated with the development of thinking skills in mathematics 
suggests that achievement can be improved, such as by explicit use of such skills in 
particular "Thinking Maths" lessons, resourced by particular materials (Ahmed et al, 
1987).  However, the project suggests a different approach, which is to develop teachers' 
and pupils’ abilities to incorporate appropriate thinking skills into every lesson, rather 
than depending on special activities. We work with nine voluntary teachers-co-
researchers who are explicitly trying to develop the mathematical thinking of their 
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pupils.  They do this based on their personal aims and beliefs, their ideas of what 
mathematical thinking means. 
THE DATA 
The data collected include teacher diaries, lesson plans and evaluations, pupils’ work, 
interviews, recorded lessons and observations, reflecting how teachers put ideas into 
practice in the specific context of low attainment.  We also have SAT’s progress tests, 
Key Stage 2 results and CAT scores where available . 
Because the focus of the project is improving attainment of learners in mathematics we 
started looking at ways to ‘measure’ this.  To make this profound, it was the intention to 
evaluate the effect of the project teachers’ developing practice on three levels: by 
evaluating the scores of national tests of the project classes to comparative national tests 
scores; through teachers’ normal assessment practices and informal reports; by devising 
project-specific performance indicators to assess developments in students’ 
mathematics. 
Using national test scores seemed at the beginning to be the obvious and ‘easy’ way of 
measuring improvement in attainment, it turned out to be rather complex and illusive.  
There seems to be a lack of robustness in the tests itself and in the levels awarded.   
There are cases of students taking the progress tests and not achieving level 4 but then 
taking the optional tests, which are on harder material, and achieving a “comfortable” 
level 4 (Wiliam, 2001).  Not all our students sat the Progress Test.  One teacher refused 
to set these tests for her students because she believed that the experience of doing so  
would undo the good work she had done all year in building self esteem.  The students 
would have been faced with trying to answer questions on topics at which they had 
failed in the past and not had any subsequent teaching.  Some teachers did not teach 
Year 7.  We intended to use national statistics fro comparative analysis.  However, so 
far, we have not been able to find any national statistics with which to compare results. 
Overall, there was certainly agreement among teachers that the tests were not a good 
thing to be doing, nevertheless most students did do them.  We also feel these tests do 
not tell us anything about mathematical thinking so far, although we are currently 
classifying questions to see how students did on different types of questions. 
Other data included teacher diaries, pupils’ work, interviews, recorded lessons and 
observations. We realised that looking for evidence of improving attainment was not 
necessarily the same as looking for evidence of mathematical thinking. One of the 
earliest discussions of the project focussed around the meaning of mathematical 
thinking.  We soon sensed there would be no agreement or disagreement on what 
mathematical thinking is, just many interpretations and we would have to incorporate 
this lack of definition in our data analysis methods.  But data from classroom 
observation, teacher notes and group discussions led to the identification of the range of 
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pupil activity that the teachers in the group were encouraging, and we all agreed that 
these provided evidence of mathematical thinking. 
These are summarised in Table 1 into two types, prompted and unprompted which might 
match against notions of dependence and independence. 
Prompted 
Choosing from a variety of techniques one 
which is appropriate 
Posing own questions 
Dealing with unfamiliar problems 
Making something more difficult 
Describing a connection or relationship in maths  
using prior knowledge 
Predicting problems 
Identifying what can be changed 
Working on extended tasks over time, 
generating own enquiry 
Identifying similarities beyond superficial 
appearance 
Making comparisons 
 
 
 
Unprompted 
Changing their mind in the face of new 
experiences 
Choosing from a variety of techniques one which 
is appropriate 
Initiating a mathematical idea or question 
Looking for connections and relationships in 
maths 
Dealing with unfamiliar problems 
Making something more difficult 
Using prior knowledge 
Predicting problems 
Identifying what can be changed 
Creating shortcuts 
Creating own methods 
Generalising a structure from a diagram, or from 
examples 
Finding similarities or differences beyond 
superficial appearance 
Making other kinds of comparison 
Contributing examples, especially where these 
need to be constructed 
Generating own enquiry 
Table 1: Evidence of mathematical thought 
However we soon found out that if the learners were not engaged in the lesson in an 
active way, there was little observable evidence of mathematical thinking.  What we all 
agreed on was that a pre-requisite for mathematical thought, is engagement.  At the other 
hand, being engaged does not guarantee learning (Helme and Clarke, 2001), nor 
mathematical thinking. 
PEDAGOGY INVOLVED IN DEVELOPING MATHEMATICAL THINKING 
We moved as a project to consider ways in which mathematical thinking might be 
supported in the classroom, i.e. the pedagogy.  The teachers have quite a few common 
features in their pedagogy and in their aims and beliefs. What seems to be important 
here is not the actual pedagogic decision that is made, but the purpose of the decision. It 
is possible for two teachers to make apparently contradictory decisions which achieve 
similar aims.   An example is given by the management of pencils: for one teacher a 
student bringing suitable equipment to class is seen as connected to a developing sense 
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of identity as a learner; for another, the lack of a pencil is an unnecessary obstacle to 
learning so she gives out new ones without comment.  Common features are: 
Taking children to mathematics. Those of us listening to the teachers gained a strong 
picture that teachers were seeing their task in terms of structuring teaching in ways 
which enable students to make contact with and explore mathematics using their powers 
of thought and previous knowledge.   We saw this as a contrast to restructuring or 
‘dressing up’ mathematics in order to take it to students who are seen to be deficient by 
not knowing, or by having to be told how to think about it. 
Connectivism. All the teachers wanted students to view mathematics as a connected, 
holistic way of working rather than as separate topics.   Students have been asked to 
make connections in mathematics and to experience these connections, checking 
validity.  An example: Becky gave students long exploration environments in which 
they could connect mathematical ideas for themselves as one question arose from 
another. Research by Askew et al (1997) shows that the most successful learners of 
mathematics at primary level are those whose teachers make connections within the 
subject; they called these “connectionist” teachers.  At secondary level, it is possible to 
identify certain central themes in mathematics, which need to be understood as they 
appear in various mathematical contexts.  This also relates to one of the aims of the 
project of improving attainment by identifying key ideas in mathematics. 
Preparing to go with the flow. All the teachers ‘go with the flow’ of student response or 
mood and prepare for this deliberately.   There is no point in battling against the moods 
and responses which tell teachers what the students are bringing to the task. 
Creating own examples. All our teachers used the ‘create your own example’ type of 
task.  This is very much part of their everyday lesson structure.  Sometimes, it is a more 
separate activity  For example, tasks of the type ‘This is the answer, what is the 
question?’ One student said: 
Making my own examples makes me think.  I think about half the time in class now. 
Allowing thinking time. All also found they were giving students a long time to think, 
including long wait-times with whole-class questions, but also in general throughout 
their work and interactions. 
Duration of tasks. There has been in general a shift towards longer tasks in the project, if 
for no other reason than the fact that teachers are building more thinking time into their 
expectations.   However, for a few teachers this is a deliberate major move in order to 
create an atmosphere in which students are embedded, surrounded, by a mathematical 
situation for several lessons.   This goes completely against the belief that such students 
‘cannot concentrate’ and that short concentration spans are a given characteristic of such 
students, rather than an effect of the task, and need to be ‘treated’ with task variety.  This 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 22   
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002 
is particularly well-developed in Becky’s case; she works on extending concentration 
spans of low attaining students by extending the time given to tasks. 
Discussing mathematics.  All teachers thought it was important for students to discuss 
mathematics with their peers, be it in pairs, in groups, or whole class discussions.  All 
the teachers have a strong belief that everything said in class is valuable and everyone 
should hear it.  For one, this leads to the practice of repeating everything which is said 
by students (ensuring everyone hears); for another this leads to the practice of repeating 
nothing and orchestrating discussion around what each student says (ensuring everyone 
listens). 
The role of writing.  All the teachers had thought about the place and role of writing. 
One teacher sees writing as sometimes a distraction from thought.      For another 
teacher, the act of writing is seen as forcing thinking because it has to be expressed in a 
linear form.  Others believe that writing gives you something of your own to look back 
at; a way to remind yourself what it is that you know. 
Emotional responses and emotional security. There is a common recognition that 
students need emotional security, including respect for learners and trust in their ability 
to think.  With some of the students there was the noticeable emotional development 
from extreme refusal to think at the start of the year to enthusiastic participation by 
Christmas. 
Meta-cognitive learning. It is also seen as important that students know what they know.  
They encourage them to learn to learn, to handle problems, to reflect on learning, and to 
challenge ideas. 
The visible effects on the classroom. The combination of respect, ‘going with the flow’ 
and holistic subject approaches has led to classrooms characterised by more discussion 
and more giving and taking of responsibility, choice and independence than before.  All 
found themselves, either deliberately or incidentally, using fewer worksheets and 
textbooks and more activities, developments from starter tasks and students’ own 
questions.  The giving of more time, creating space rather than imposing pace,  and 
offering choice by letting children devise their own questions, has been seen to have 
positive emotional, behavioural and cognitive effects. A student in Sara’s class said: 
It’s boring to be told what to do.  It’s nice to have time to choose … kind of relaxes me.   
When you are told what to do you don’t want to do the work, you are bossed about … when 
you’re relaxed you want to sit down and do the work. 
CONCLUSION 
We started by looking for evidence of improving attainment by using a variety of data. 
We accepted there is no definition of mathematical thinking, rather a multiplicity of 
agreed outcomes.  Mathematical thinking is a process and that the teacher can play a role 
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in facilitating its occurrence.  Although the teachers are all different, they seem to share 
common aims, beliefs and pedagogy. We evolved project-specific performance 
indicators to assess developments in students’ mathematics, herewith painting a holistic 
picture of mathematical thinking, finding indication of mathematical thinking and of the 
scaffolding offered by teachers, forming the cocoon that helps nurture this thinking and 
keeps distracting influences to a minimum. The teachers belief that students, whatever 
their attainment in mathematics, can think in a mathematical way.  They let their 
students construct their own meaning and make sense of mathematics.  They provide 
environments that encourage students to do so, such as the ‘common features’: giving 
time to think, extending duration of tasks, creating own examples, providing an 
emotional secure environment, etc. 
The teachers listen to the students.  They do not guess where the students are in their 
mathematical development, they ask and listen. The teachers still make inevitable 
assumptions when scaffolding, but the magnitude of the assumptions is reduced. 
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LEARNING EFFECT AS A STRUCTURING RESOURCE IN 
ALGEBRAIC PROBLEM SOLVING ACTIVITY 
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The present study looked at the problem solving actions of a group of high achieving 
secondary school students on algebra problems. In this paper, I report on the 
solution activity of Year 12 students (aged 16 years) on non-standard algebra 
problems, looking in particular at how that activity was shaped by recent experience 
on similar problems.  
INTRODUCTION  
Within the Mathematics National Curriculum for England and Wales, the learning of 
algebra is compulsory for all students, and a particular reference is given to the way 
algebra can be used to model and solve problems. Despite this emphasis, many 
students rarely turn to algebra to solve problems. They exhibit a preference for 
arithmetic calculation or numeric trial and error.  
The almost complete absence of school algebraic methods when solving algebra 
problems has been reported in a number of research studies (e.g., Bednarz et al., 
1992; Stacey and MacGregor, 1995; Filloy and Rubio, 1993; Hall et al., 1989; Lee, 
1987). Few studies, however, have gone on to investigate the structuring resources 
that can trigger the students’ internal algebraic resources. An example of such 
research is the work by Brown and Coles (1999) in which they linked students’ 
‘needing to use algebra’ to them being able to ask and answer their own questions 
related to contexts.  
In an exploratory study two Year 9 high achieving students were interviewed while 
solving four algebra problems in think-aloud fashion. Both were found 
‘automatically’ working with arithmetic but they could illustrate algebraic arguments 
when probed (Doraisamy, 2001). They had the required algebraic mental resources 
but did not use them spontaneously. This sparked my interest in looking at when they 
do in fact get used.  
The present study explored the structure and resources in the setting (physical as well 
as mental) that trigger students use of algebra in problem solving situations. High 
achieving Years 9 and 12 students from one English school participated in the study. 
In this paper, the focus is on the Year 12 students, their solution activity on the 
nonstandard algebra problems. 
METHODOLOGY 
The study of the Year 12 students was in two phases. Phase 1 comprised five students 
(average age 16.5 years), and phase 2 a further five students (average age 16.4 years). 
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Six of them had secured an A and four a B grade in the GCSE O-level mathematics 
examination last year. All were taking AS-level mathematics at the time of the study. 
The students were tested on their understanding of algebraic letters, and interviewed 
individually while solving algebra problems in think-aloud fashion. The phase 1 
students solved four standard and four nonstandard problems, differing in algebraic 
explicitness (symbol letters present or absent in the wording) and structure (solution 
guessable or not easily guessable). The phase 2 students solved two nonstandard 
problems. All were given the opportunity to structure the task in the way they saw fit. 
The time for problem solving was open-ended. The researcher acted as a participant 
observer. In phase 1 interviews, interventions were made on occasions to clarify the 
problem, tease out the reasons for a particular action, perturb their thinking, and/or 
explore their maximal level of performance. In phase 2 interviews, there was limited 
intervention. Once students had completed the two given problems, they were taken 
back to the first problem, and if not done by algebra, prompted towards algebra. On 
completion, they were invited to try again the second problem, if not done previously 
by algebra.  
All interviews were audiotaped and transcribed. Pauses in speech less than 2 seconds 
were represented by a slash (/), and a double slash (//) indicated a pause more than 2 
seconds. The complete transcripts of the tapes, the written work of the students and 
field notes were integrated to produce extended narrative accounts (Ainley, Nardi and 
Pratt, 2000), describing the work of each student on each problem. The narrative 
account for each student as well as their paper-and-pencil test were used in the 
analysis.  
RESULTS AND DISCUSSION     
Phase 1 
The case of Geof is presented first followed by overall findings. Geof’s case 
illustrates the solution processes, and explanations and justifications typical of many 
students in this phase. Geof recognised the standard problems as fitting in with 
stereotype of algebraic questions. In these problems, he spontaneously used his 
internal algebraic resource and produced algebraic representations and solutions. In 
the nonstandard problems (Pyramids, Magic Squares, Arithmogons, and Pentagrams), 
however, that resource was not triggered initially. Therefore, the resource was not 
adequate. It was only after exploring the problems numerically that Geof himself, 
with no prompting, used that resource. He said, after three unsuccessful attempts 
from the top in Pyramids: “…Right/ I’m about to use algebra now … Because of x 
and y. That makes me think of algebra/ I’ll start from the bottom now…”, after six 
unsuccessful trials in Magic Squares: “…Right// I am going to find x. If I can find x, 
then I can do it … Because of x and y … It’s just that letters mean algebra. I use to 
see them in equations. It’s the way I’ve always seen them”, and  after one 
unsuccessful trial in Arithmogons: “Right. In my experience now, I’m going to put 
that as x, that as y, and that as z … From the experience here, the previous two 
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questions [Pyramids and Magic Squares]”. In Pentagrams, a problem Geof had not 
seen before (“it looks completely alien to me”), he was much more free to use that 
resource himself: “…I guarantee algebra for this one”. His spontaneous use of the 
resource was attributed, once again, to the learning effect from earlier solved 
problems: “It’s the way I did in Arithmogons. I didn’t use letters to start with, and I 
didn’t get anywhere without using them. I only found the answers when I did use 
them”.  
The other four students, like Geof, were inclined to use algebra on the standard 
problems. On the nonstandard problems, they similarly were less inclined to use 
algebra, but this was only true when it was the very first problem received. For 
example, Rosy in her first problem  Pentagrams, needed prompting to go into algebra. 
As soon as it was not the first problem, she was using algebra because of an apparent 
learning effect. Britany too gave feedback that if Arithmogons were the very first 
problem she had received, she would have used non-algebraic rather than algebraic 
methods to solve it.  
Learning effect seemed to be affecting students as far as nonstandard problems were 
concerned.  This indicated a need to look at nonstandard problems, when it was the 
first problem received, and the students were responding spontaneously. This was 
explored in phase 2. 
Phase 2 
The cases of Samuel and Jamie is presented first followed by overall findings. 
Samuel solved his two nonstandard problems, Arithmogon and Pentagrams, 
originally by trial and error. He was then prompted towards algebraic symbolism in 
Arithmogons. On completion of the algebraic solution to this problem, he was invited 
to have a look again at Pentagrams. In response to: “Do you think there is another 
method that you can use?” he remarked straight off, “Emm, put letters in this”. He 
used five letters, and came up quickly with five equations. In commenting on his use 
of general letters, Samuel acknowledged the learning gained from solving 
Arithmogons, an analogous problem: “From the last question … That’s the same sort 
of questions, emm, using one number to get to another, by looking at the unknown … 
it was sort of similar question. So, I used the same method”. The experience in 
Arithmogons allowed him to reattempt Pentagrams employing the algebraic method.  
Jamie too solved his first problem Pentagrams using trial and error, but in his second 
problem Magic Squares he spontaneously used algebra. His algebraic resources was 
cued by the explicit x and y in the problem: “It says what numbers should replace x 
and y … It signals to me that that’s where I should put my concentration, on this bit 
[x and y] … It made me think of an equation, instead of numbers”. When required to 
redo Pentagrams, Jamie remarked straight off, “I don’t know, I don’t know if we can 
use the equation thing”. When asked: “Why do you want to use equations here?” 
Jamie replied: “Because it’s another method that I’ve used in the other one … It was 
fresh in my mind as well because I’ve just done equations”. He proceeded to write 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 27 
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002   
one equation, and added on: “…If we did that for all of them, we will have similar 
things like what we had last time actually…”. He continued to write four further 
equations. The experience in Magic Squares allowed Jamie to redo Pentagrams using 
algebraic representations. 
The others, Sofie and Jake, like Samuel, originally solved both nonstandard problems 
presented by trial and error. In a revisit to the first problem, their algebraic resources 
was triggered, and the resulting learning gained allowed them to solve the second 
problem using algebraic methods. Elly, unlike the others, used algebra in her first 
problem. This experience allowed her to solve the second problem using algebraic 
methods. All three students articulations clearly distinguished the learning gained in 
the previous problem as a structuring resource for solving the later problem.  
A distinction here is in the source of the students’ learning effect. In Samuel, Sofie 
and Jake’s case, it emanated from the researcher prompting them towards algebra. In 
Jamie and Elly’s case, it was from the student him/herself, spontaneously using 
algebra. Whatsoever the source, learning effect is significant as a structuring resource 
for solving problems. 
CONCLUSION 
The Year 12 solvers demonstrated a spontaneity in using algebra on the standard 
problems. On the nonstandard ones, in quite a few cases, they were using algebra 
when there was an apparent learning effect, and not when there was no previous 
learning effect. Their internal algebraic resources were triggered by problems of the 
standard type, and by the learning effect from a previous problem tackled through 
algebra. This finding suggests a didactic setting in which student’s use of algebra is 
explicitly triggered by these factors. However, the means by which the student’s 
reliance on them is faded may demand careful attention to the scaffolding (Vygotsky, 
1978) within the setting.  
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THE SHARING OF MEANING OF MATHEMATICAL WORDS IN 
A BILINGUAL CLASSROOM : A SEMIOTIC INTERPRETATION  
Marie T. Farrugia 
University of Malta 
The teaching and learning of Primary school mathematics in Malta involves 
substantial use of code-switching between the local language Maltese, and English. 
Mathematical terms are usually retained in English. A case-study was carried out to 
explore the various language strategies that a Primary school teacher used in order 
to share the meaning of such terms with her seven-year-old pupils. The focus of this 
paper is the word value. The direct translation of this word from the Maltese tiswa is 
viewed as a chain of signification and a semiotic model is developed in order to 
interpret this pedagogic strategy. 
INTRODUCTION 
A contemporary popular language form in Malta is one that utilises a fair amount of 
code-switching between Maltese and English, although the extent to which this 
happens depends on the speaker and the context. The teaching of Mathematics in 
local classrooms is also conducted using a mix of the languages, the pattern 
depending on the teacher's and children's preferences, and also school policy. In a 
study carried out by Camilleri (1995) in State school secondary classrooms, it was 
found that across various subjects, the use of code-switching allowed a flexible and 
'comfortable' mode of communication. From Camilleri's (ibid) research it emerged 
that a large amount of switching from Maltese to English was a result of the 
interaction between explanations in Maltese and a written English text. Furthermore, 
code-switching occurred when subject specific words were used; at times, Maltese 
equivalents of these words did not exist and when they did, they often did not belong 
to the academic register.  
Similarly, in local Primary mathematics classrooms, one can often recognize English 
mathematical words, even within stretches of Maltese speech. It is interesting to note 
that a common local practice is to say the numbers (one, two, three, etc.) in English, 
even though Maltese equivalents exist and are commonly known. With regards to 
written texts, Maths books used in local Primary Schools are published in English 
and all written Mathematics is done in English (for example, whiteboard and 
copybook work). This implies that teachers need to guide their pupils to read and 
understand written English words and expressions.   
I am interested in exploring how teachers use various language strategies to share the 
meaning of mathematical words. In attempting to bring together the elements of 
outward communication and the notion of 'meaning', I have developed a semiotic 
model and in this paper I use this model to interpret the sharing of the meaning of the 
word value. A Maltese equivalent for this word does exist and is commonly known 
and used in everyday conversations. 
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SEMIOTICS AND MATHEMATICS EDUCATION 
Semiotics is usually defined as a general philosophical theory dealing with the 
production of signs and symbols as part of code systems which are used to 
communicate information (Tobin, 1990). Semiotics includes all signs or signals 
which are accessible to and can be perceived by our senses. Generally speaking, a 
sign is something that stands for something else in the sense of 'X represents Y' and 
mathematical examples include number systems, geometric figures, graphical 
representations, algebraic and formal notations and natural language (Duval, 2001). I 
take 'natural language' to include both everyday language and subject specific words 
which are used together to create a mathematics register which is useful for 
expressing mathematical notions. Other signs that may be considered include 
idiosyncratic elements such as personal and collective metaphors, informal diagrams 
and gestures (Sáenz-Ludlow, 2001). 
Steinbring (1997) has developed a semiotic triangle to interpret mathematical 
knowledge as follows:  
 
 
 
 
 
 
 
        Object/Reference Context   Sign / symbol 
       Concept 
Figure 1.  Steinbring’s (1997) epistemological triangle 
According to Steinbring (1997), meanings of mathematical concepts emerge in the 
interplay between a sign/symbol and reference contexts or object domains, the latter 
usually being known in at least some basic aspect. As an example from Primary 
mathematics, the author offers sets of three apples or balls as a reference context, the 
symbol '3' as a sign and 'elementary number concept' as the third component of the 
triad (Steinbring, 2002). Another example gives the respective elements as: a unit 
square with a diagonal, √2, and 'aspect of the concept of real numbers' (Steinbring, 
1997).  
In my study, I chose to view mathematical vocabulary as spoken symbols or signs. 
Mercer (2000a) suggests that one way of helping learners in the classroom to make 
sense of technical words is by introducing them in dialogues that help to make 
meanings clear and he  discusses "how words gather meanings from 'the company 
they keep' - that is, from the influence of the meanings of other words which are used 
with them" (Mercer, 2000b, p.67). 'Clarity' from a semiotic point of view may be 
considered to be appropriate links with other signs or words that are already familiar 
to the learner. Of course, words 'keep company' with many other words and the 
teacher may wish to draw attention to particular ones by stressing them, changing 
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intonation or indicating their 'importance' in some way or another.   As the new words 
themselves become familiar, they may then be used to support new learning in a 
continuous chain of signification.  
In my adaptation of Steinbring's model, I take 'symbol' to be a mathematical word and 
'concept’ to be a meaning for that word. As part of what I view as a reference context, 
I incorporate the element of ‘familiar words’ as shown in Figure 2:  
 
(includes familiar words) 
Reference Context   Mathematical Word 
 
 
 
 
Meaning for Mathematical Word   
Figure 2. Epistemological Triangle for a Mathematical Word 
The inclusion of  ‘familiar words’ takes into account (a)  the assumption on my part  
that words are a constituting factor of the reference context; (b) the notion that words 
gather meaning by way of other words that they are associated with; (c) the semiotic 
view of chains of signification.  
DIRECT TRANSLATION AS SEMIOTIC CHAINING  
In my observations of a Year Three classroom, the teacher Angela used the strategy 
of direct translation for mathematical terms which she considered to be the ‘new’ and 
‘key’  terms for the week’s topic Money and Shopping. In this paper I will focus on 
the strategies she used to focus on the word value.  
Angela started off the lesson by conducting a discussion in Maltese with her seven-
year-old pupils. She asked them to identify the seven Maltese coins (e.g. the one cent 
coin, the two cents coin and so on), and as they did so, she drew images of the coins 
on the whiteboard. The discussion then turned to the value of the coins, with both 
teacher and children using the Maltese word ‘tiswa’ (value, what it’s worth) when 
referring to the denomination of the coin.   
Interpreting this discussion using the semiotic model presented above, we can say 
that the sign in focus at this point was the spoken symbol tiswa. The reference 
context was the set of coins together with the familiar (Maltese) words for 
‘bigger/smaller number’, ‘buy more/less’.  The association of  the word tiswa with 
these expressions helped to establish its meaning (or perhaps to reinforce it, since 
most of the children appeared to be already familiar with it). Diagrammatically:  
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Sign
Concept 
Maltese
Set of coins; Familiar 
Maltese  words  tiswa
Meaning for  
Tiswa 
Reference context 
 
 
 
 
 
 
 
                                     Figure 3. A meaning for Tiswa 
The next step was to introduce the English word value which the children would 
shortly meet in its written form. Angela started up the same discussion again, asking 
the same questions (“Which are the Maltese coins?” and so on), but this time in 
English. Thus she ‘went over the same ground’ so to speak in a different language. 
Aspects of the context reference were retained, that is the same coins were refered to, 
and the familiar words were the English ‘bigger/smaller’ etc. The word value was 
used instead of tiswa and Angela drew attention to the association she wished the 
children to make by calling tiswa the ‘magic word’. It appeared to me that an actual 
meaning of value was carried over from the previous Maltese discussion: all that 
remained was to ‘re-name’ the notion in English.  
The following excerpt illustrates the part of the discussion from the point when 
Angela switched to English. Since the conversation included both Maltese and 
English, I have translated the Maltese parts, but indicate their presence by using a 
bold font. The Maltese original for value  w a s  tiswa;  ‘T’ indicates the teacher 
speaking, Ps pupils in chorus:  
T:  I’m going to ask you some questions and then we’re going to write them down. How 
many Maltese coins are there? How many?  
B: Seven. 
T:  Very good. There are seven Maltese coins. Which coin has the smallest value? What 
does value mean? If I ask you ‘which has the smallest value?’ 
P:  Size 
T:  Is it size that I mean? 
Ps:  No!  
T:  The … 
K: Number 
T: Number,  alright.  So I’m asking for which coin? What’s the word in Maltese? Which 
coin has the smallest value? 
F:  Its value [kemm tiswa] 
T:  Its value [kemm tiswa], good. Which has the least value? [[liema tiswa l-inqas?] 
F: one  cent 
 (Teacher repeats above conversation as she write the question “Which coin has the smallest 
value” on the whiteboard and children give answer again).  
T:  What is that word that Fiona said, the magic word? Which coin has the smallest 
value? What am I asking here?  
D:  What its value is [kemm tiswa]. 
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T:  Well done. Then which one has most value? [Mela liema wahda tiswa l-iktar] Which 
coin now has the largest value? What am I asking you? (hands go up). Gordon? 
G:  The most; the one pound. 
A semiotic representation for the word value in this instance is shown below: 
  English
 
 
 
 
 
 
                               Figure 4. Value as a translation for tiswa 
DISCUSSION 
In the Maltese mathematics classroom I observed, the teacher used the words tiswa 
and value in a dialogue in which their meaning became evident. For tiswa, chains of 
signification were the result of using familiar Maltese words and expressions such as 
'bigger/smaller', 'buy more/less'. Once a meaning for this word was established, the 
'role' of the word tiswa appeared to change. It now formed part of a reference context 
that stood in relation to the new word value. This reference context included the same 
images of coins, and a ‘re-play’ of the  discussion in English. This pedagogical 
strategy may be illustrated as shown in Figure 5: the super-imposition of the planes 
may be interpreted as a semiotic chain across the languages, the link being formed  by 
way of the word tiswa, its meaning and the elements of the reference context that are 
kept constant.  
 
Sign
Set of coins; 
Familiar English 
words; Tiswa 
Value 
MEANING FOR  
Tiswa/Value
 
Reference Context 
CONCE
Tiswa 
Maltese
 
 
 
 
 
Time  Value 
English
Tiswa 
 
 
 
 
                            Figure 5. Semiotic Chaining across languages 
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This pedagogical strategy appeared to be a powerful one and was also used by the 
teacher to introduce the words cost and change. Indeed, the strategy may be used in 
cases when  the Maltese equivalent for a word is familiar to the children, possibly 
from their everyday experiences as in the case of 'Money' vocabulary.  
It would be interesting to explore what alternative language strategies a teacher might 
employ in situations where direct translation is not possible. In such cases it remains 
to be seen how the semiotic model presented in this paper may be used or adapted to 
support the interpretation of these language strategies.  
 
NOTE: I am grateful to Dr. Dave Hewitt for his comments on an earlier draft of this 
paper.   
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THEORETICAL-COMPUTATIONAL CONFLICTS  
AND THE CONCEPT IMAGE OF DERIVATIVE 
Victor Giraldo, Universidade Federal do Rio de Janeiro, Brazil 
Luiz Mariano Carvalho, Universidade do Estado do Rio de Janeiro, Brazil 
David Tall, University of Warwick, United Kingdom 
Recent literature has pointed out pedagogical obstacles associated with the use of 
computational environments on the learning of mathematics. In this paper, we focus 
on the pedagogical role of computer’s inherent limitations on the development of 
learners’ concept images of derivative and limit. In particular, we intend to discuss 
how the approach to these concepts can be properly designed to prompt a positive 
conversion of those limitations to the enrichment of concept images. 
INTRODUCTION 
The aim of this research is to discuss how apparent contradictions between 
computational representations and associated theoretical formulation can be 
positively converted to enrich students’ concept image of derivative and limit. We 
consider theoretical-computational conflict as any situation where a computational 
representation for an object is (at least potentially) contradictory with the associated 
mathematical theory. In particular, numerical calculation with machine accuracy 
cannot be performed in a way that corresponds exactly to the mathematical theory of 
limits. Literature provides some examples in which a narrowing effect takes place: 
the intrinsic characteristics of the computational representation lead to limitations in 
the concept images developed by learners (see Hunter, Monaghan and Roper (1993)). 
On the other hand, we hypothesize that, if theoretical-computational conflicts are 
emphasized, rather than avoided, they may contribute not to narrowing, but to 
enrichment of concept images. In this paper, we present results of an experiment, in 
which a sample of six undergraduate students dealt with conflict situations. 
CONCEPT IMAGES AND COGNITIVE UNITS 
Tall and Vinner (1981) define concept image to be the total cognitive structure 
associated with a mathematical concept in an individual’s mind. It includes all the 
mental ideas related to a given concept, and is continually constructed as the 
individual matures, changing with new stimuli and experiences of all kinds. The 
concept image may (or not) be associated to a statement used to specify that concept, 
named concept definition by the authors. A concept definition, in its turn, may (or 
not) be consistent with the formal mathematical definition, that is, the concept 
definition usually accepted by the mathematical community (see also Barnard and 
Tall (1997), Vinner (1983), Tall (2000)). On the other hand, as many authors claim 
(see Cornu (1991), Tall and Vinner (1981)), the main ideas used by human beings to 
build further theoretical developments often do not come out from formal definitions, 
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but from related intuitive ideas. Therefore, the capacity to recall the formal definition 
itself is not necessarily associated to a rich concept image. 
Barnard and Tall (1997) introduced the term cognitive unit for a chunk of the concept 
image on which an individual focuses attention at a given time. Cognitive units may 
be symbols, representations or any other aspects related to the concept. Thurston 
(1990) observed that the understanding of mathematics involves a process of mental 
compression of ideas that can then be quickly recalled and used. In this way, a rich 
concept image should include, not only the formal definition, but many linkages 
within and between cognitive units. 
NEGATIVE EFFECTS OF THE USE OF COMPUTERS ON MATHEMATICS 
TEACHING: NARROWING CONCEPT IMAGES 
In this investigation, we focus on the positive use of technology to mathematics 
learning. However, it is important to remark that research shows that misused 
computational environments can have negative (or at least innocuous) effects. The 
theory quoted above suggests, in particular, that teaching the concept of derivative 
must include different approaches and representations, to enable learners to build up 
multiple and flexible connections between cognitive units. Each representation gives 
emphasis to certain aspects of the concept, but also blots out others in the same way. 
Tall (2000) affirms that the focus on certain aspects and the negligence of others may 
result in the atrophy of the neglected ones. For instance, Hunter et al. (1993) 
observed that students using software Derive did not need to substitute values to get a 
table and sketch functions’ graphs. As a result, students did not develop the skill of 
evaluating functions by substitution. Even students who could perform the evaluation 
before the course seemed to have lost the skill afterwards. 
In Brazil, Abrahão (1998) observed the reactions of secondary teachers dealing with 
function graphs produced by computers and graphic calculators. During the 
experiment, the teachers hesitated to consider that computers can provide “mistaken” 
or “incomplete” results, due to software limitations or visualization windows 
inadequacy. Those results were often accepted by participants as correct without 
query, even when clearly clashing to their prior knowledge of the topic. Laudares and 
Lachini (2000) observed the introduction of a computer laboratory for the teaching of 
Calculus in a large Brazilian university, which had been following a traditional 
approach before. The interviews with the Calculus teachers showed that most of them 
believed that laboratory activities would be a waste of time, which should be spent 
with classroom instruction, and the use of computer should be restricted to very 
heavy calculations. The authors report that the laboratory activities were restricted to 
mechanical tasks, unlinked to the theory studied in classroom. As a consequence, 
students seem to have no understanding of those activities. The authors conclude that 
the use of technology can constitute a important alternative, however it is necessary 
to encourage the development of a critical perspective by students. 
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USING THEORETICAL-COMPUTATIONAL CONFLICTS TO ENRICH 
CONCEPT IMAGES 
Many authors agree that the effects of computers on mathematics learning do not 
depend only on any inherent feature of the devices themselves. Rather, such effects 
are consequent from the way they are (mis)used (see, for example, Tall (2000), 
Belfort and Guimarães (1998)). The experiment reported by Hunter et al. (1993) in 
particular, has uncovered a phenomenon of narrowing of concept images: the 
intrinsic characteristics of the computational representation led to limitations on the 
concept images developed by learners. Generally speaking, many limitations of 
computational representations for mathematical concepts arise from the algorithms’ 
finite structure. Consider the graphs of  f(x) =
1
x −1
 and g(x)=
1
(x−1)
2  as drawn by 
Maple (figure 1). Both functions have a vertical asymptote at x = 1, but this line only 
appears on the picture of the graph of f. Actually, the software do not identify the 
existence of the asymptote for either function. The vertical line shown is drawn due 
to the joining of one point on the left of the discontinuity with one on its right, that is, 
the software considers the line as part of the graph. The same does not occur in the 
case of g because on either side of x = 1 the function is positive.  
   
Figure 1.  The graphs of  f (x) =
1
x −1
  (with a ‘fake’ asymptote) and  2 ) 1 (
1
) (
−
=
x
x g . 
To focus on such situations, Giraldo (2001) names a theoretical-computational 
conflict to be any situation in which a computational representation is apparently 
contradictory to the associated theoretical formulation (see also Giraldo and 
Carvalho, 2002).  
       
Figure 2. A theoretical-computational conflict observed through local magnification. 
Another example of a theoretical-computational conflict is shown on figure 2 above, 
displaying the local magnification of  , around the point  y=2x
2 x0 =1, performed by 
Maple. Since the curve is differentiable, it should acquire the aspect of a straight line 
when highly magnified. Rather, due to floating point errors, for very small values of 
graphic windows ranges (on orders lower than  ) it looks like a polygon. 
6 10
−
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We believe the narrowing effect observed in Hunter, Monaghan and Roper’s 
experiment was due not to the occurrence of theoretical-computational conflicts, but, 
to their absence. Overuse of computational environments—especially when not 
confronted by other forms of representation— may contribute to the conception that 
the limitations of the representation are characteristics of the mathematical concept 
itself, leading to the development of narrowed concept images. Sierpinska (1992) 
remarks that awareness of the limitations of each form of representation, and that 
they represent the same concept, are fundamental for the understanding of functions. 
Our hypothesis is that, if theoretical-computational conflicts are emphasized, rather 
than avoided, the cognitive role of inherent characteristics of each form of 
representation may have a positive conversion—they may contribute not to the 
narrowing, but to the enrichment of concept images. 
 
Figure 3.  The graph of 
h(x) = x
2 + 1, for 
−100 ≤ x ≤ 100, −100 ≤ x ≤ 100.
To investigate this hypothesis, we presented a 
sample of six first year undergraduate students in 
Brazil with theoretical-computational conflicts in 
individual interviews. One question considered the 
function h(x)= x
2 +1 and the graph sketched by 
Maple for   (figure 3). The 
conflict here is between the appearance of the graph 
at the origin (which seemed to have a ‘corner’) and 
the formula which was differentiable. Students were 
free to manipulate the software as they wanted. Each 
was asked the following question: 
(x,y)∈[−100,100]
2
You see on computer’s screen the graph of the function h(x)= x
2 +1, sketched for 
−100 ≤ x ≤100 and −100 ≤ x ≤100. Do you think this function has a derivative? 
Figure 4 summarizes the strategies of three of the students. The continuous boxes 
represent the question – does h have a derivative – and its possible answers – h has a 
derivative or h doesn’t have a derivative. The dashed boxes represent the two given 
representations for h – computational (graph) and algebraic. The arrows indicate the 
interviewee’s actions and are enumerated in chronological order. The boldface arrow 
indicates interviewee’s decisive action, that is the one that led to the conclusion. 
We will focus on Francisco’s strategy, translated from Portuguese. He said: 
Francisco:  For example, if you made  x
2 , it'd be  x . It'd have a corner. But you've put 
+1 there, you can't take it off the square root completely, right? ... Visually 
it isn't a corner, then, it'd have a derivative. I'm speaking in visual terms. 
Now, let's speak algebraically. Indeed, algebraically, if you differentiate, 
you'll manage to derive, then, it's differentiable. ... Can we zoom in here? 
[zooms in.] Yes, it looks like a parabola. Zooming in there, you see clearly 
how it's differentiable. 
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After concluding about the differentiability of h, Francisco spontaneously went on 
studying the function. He commented: 
Francisco:  That would be a good question. It looks like a [straight] line, or is it a line? 
... I know it has a derivative! I'll try to derive it to see if it is a line or not. 
[calculates the derivative] Look! This function will have a different slope 
for each point. It's not like the modulus function, which doesn't have a 
derivative at 0, but has the same derivative at the positive side of x and the 
same one at the negative side for all the points. This function is different, it 
will be close to the modulus function at +∞ and  ∞ − . It will be close, but 
for each point it will have a different derivative. So, it looks like a line, but 
is not a line. 
 
Figure 4: Participants’ strategies on investigating the differentiability of h. 
DISCUSSION 
As we may see from the excerpts above, Francisco undertakes flexible connections 
between computational and algebraic representations in the course of the interview. 
His conclusion about the differentiability of h is grounded on the algebraic 
representation—he argues his case by applying the formulae. Furthermore, he makes 
use of the computational representation, by zooming in the graph, to build up a 
broader understanding of the local function behavior. However, the point we 
underline is that Francisco spontaneously goes further. After giving the answer for 
the proposed question, he formulates another question himself: Is it really a straight 
line or does it only look like a straight line? In this new investigation, another 
cognitive unit is triggered: If the derivative is not constant, then the primitive function 
is not a straight line. The formulation of the question, which activated a new 
cognitive unit, was motivated by a theoretical-computational conflict—the graph, as 
seen on the screen, did not match with the given algebraic expression. 
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REFLECTIONS ON THE ROLE OF TASK STRUCTURE IN 
LEARNING THE PROPERTIES OF QUADRATIC FUNCTIONS 
WITH ICT – A DESIGN INITIATIVE 
Stephen Godwin, University of Bristol  
Rob Beswetherick, John Cabot City Technology College, Bristol 
This paper will draw on research being developed within the  Teaching and Learning 
strand of the ESRC InterActive Education: Learning in the Information Age project 
which is examining the ways in which new technologies can be used in educational 
settings to enhance learning. It will focus on the learning and understanding of 
quadratic functions using a graphical software package and includes a discussion of 
how the structuring of the activities influences the nature of the learning environment 
and how it might influence student exploration of mathematical concepts. 
INTRODUCTION 
The study reported in this paper is a small part of a large ESRC funded project, 
Interactive Education: teaching and learning in the information age 
(www.interactiveeducation.ac.uk).  The purpose of the project is to look at ways to 
use ICT effectively in teaching and learning from within the micro-context of the 
classroom, to macro-contexts such as policy management and teacher training.  
Within the Teaching and Learning theme of the project there are 52 teachers 
representing various subject areas.  They work closely together with researchers in 
trialing and sometimes developing pre-existing uses of ICT in order to investigate 
what conditions are conducive for effective learning to take place.  Any particular and 
peculiar affordances created by the mix of the software environments, the students, 
and the teacher facilitated learning structures are investigated.  These interventions 
are called design initiatives. 
This paper outlines the preliminary work and findings from one such design 
initiative.  It is a case study focusing on the work of one student within a series of 
year 9 Mathematics lessons investigating the properties and behaviour of quadratic 
equations with the aid of the software package Omnigraph. Omnigraph is a relatively 
easy to use dynamic graphing package that allows the user to quickly produce graphs 
of functions from their equations. In the past, the teacher Rob Beswetherick, used 
Omnigraph for the teaching of quadratic equations from the front of the class with the 
aid of a data projector.  Students were encouraged to come out and interact with the 
software but were not given access to the computers themselves. In the design 
initiative the students would spend some time on the computers during each of the 
lessons and data collected in order to focus on the processes of learning that might be 
occurring.  The role that task structure may play in directing prescribed and 
experimental work is considered. 
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THEORETICAL DISCUSSION 
There are now a number of software packages that can help with the learning of 
mathematics.  These range greatly in their nature.  Some may be considered tools, 
others revision aids, and others mathematical "microworlds".  Very often the software 
package may combine a number of these or quite possibly have its function 
determined as a result of the nature of the tasks stuctured by the teacher.  The term 
"learning environments" is often  used to describe some of these packages and 
Mariotti (2002) talks about these as being environments that allow pupils to 
experiment with mathematical ideas. 
It is important to distinguish clearly between a mathematical microworld and a 
mathematical tutoring package.  A microworld is a representation in some way of a 
set of mathematical concepts.  The user is able to enter this world and play around 
with mathematical relationships and representations.  The world is truly interactive.  
The teacher plays the role of structuring and possibly designing the activities so that 
the students' activity becomes directed.   The computer screen can also present a 
window on the student's thinking and provide a shared space of communication with 
others.  Hoyles and Noss state: 
"We have glimpsed how the computer can, in ways we have yet to elaborate, combine 
elements of the "concrete" with the "abstract", the intuitive with the rigorous, the particular 
with the general.  At the same time it affords the learner a support for thinking, a screen on 
which to construct and reconstruct emergent ideas, and on which we, as observers, can 
catch sight of the construction process as it takes shape." (Noss & Hoyles, 1996). 
Mariotti (ibid) also states that "…the relationship between the pupil and the teacher 
may be transformed by the introduction of the computer making communication 
between them more efficient and reciprocal". 
Omnigraph, the package used in this research, is an example of a dynamic graphing 
package.  These have the advantages of allowing students to rapidly construct graphs 
of algebraic equations (Hennesy, Fung & Scanlon, 2001).  This rapid construction 
makes it relatively easy to see the properties of families of functions such as 
quadratics.  By fixing some parameters within an equation and varying others the 
student can be directed to experiment and discover for themselves their behaviours.  
The scaling facilities of the package can potentially allow students to gain an insight 
into the fact that the appearance of these visual representations can be deceptive and 
they can be directed to reflect on this with questions such as "What stays the same 
and what differs when scaling?".  
There often seems to be concern about using such dynamic packages in that they are 
sometimes "accused" of doing the work for the students, for example, because the 
students no longer plot the graph they may lose sight of how the y values are 
generated from the x values.   With any new system there needs to be a consideration 
of what is gained and what is lost, whether the old and new systems complement each 
other, what to change, get rid of or renew.   One of the problems of traditionally 
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plotting graphs is how time consuming it all is.  A lot of time is wasted on undue 
accuracy and preparation; getting the ruler, choosing the colours, rubbings out, off-
task talking (since these procedural activities do not require a large amount of 
concentration).  It is also interesting to ask oneself what mathematics is actually 
going on within this process.  There could be some understanding of the relationship 
between the y and the x, but rarely is there any talk about the representative nature of 
what the students are doing, or indeed why they are doing it.  The plotting of graphs 
on paper does not always appear to be very time efficient in terms of learning.  It is 
also very difficult, and slow, to ask "what if" types of questions e.g. What would be 
the effect of reducing the coefficient of x on the graphs appearance?  A task such as 
investigating the properties of quadratic functions is arguably more quickly and 
possibly more effectively achieved with the use of dynamic graphing packages. 
By allowing students to gain access to the computers there exists a greater possibility 
for experimentation.  This, however, can be unproductive if the experimentation is 
undirected and random.  Goldenberg (1995), writing within the context of dynamic 
geometry, suggests that children find it difficult to experiment in meaningful ways.  
He states that children often change too many variables at once. This means that any 
patterns, or predictive behaviours are difficult to spot.   It is here that the teacher can 
structure the tasks so that the students experiment within a certain framework.  Part of 
this structure is suggested by the focus of the questions that the teachers ask but also 
by creating scaffolded learning environments. 
In any learning environment students will construct their own meanings.  These 
meanings may be different from those of the teacher and other class members.  It is 
arguable that by creating the right balance of structure and experimentation the 
meanings that are created within individuals are not too disparate but yet allow the 
development and input of the individual’s own way of working, or interpreting.  For 
example some may work in an experimental, trial and error way whilst others may 
work in a more intuitive way.  Marriotti (ibid) refers to the interaction of the software 
environment and the student as the "instrument".  This instrument, or student-learning 
environment complex, is different for everyone in the class.  The teacher-learning 
environment complex might be very different from that of the student instruments 
and even of other mathematics teachers’ instruments.  This means that what actually 
happens when using a new mathematics learning environment is not predictable. 
METHODOLOGY 
The focus of this research is largely upon the learning process, partially because of 
the unpredictability suggested above.  The greater question of how the teacher-class-
software complex impacts on this learning is being investigated.  The focus of this 
particular paper is on one of the students, Kay, who represents the start of a broader 
comparative study.  How Kay responded to the structures of the tasks set, her degree 
of experimentation, and what she may have learned, are considered.  Kay was one of 
six students that were interviewed in pairs before and after the design initiative took 
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place.  All the students within Rob Beswetherick's class were given pre- and post- 
initiative assessments which required the students to plot three graphs.  Kay and Guy 
were given a second post-initiative interview with a shared laptop so that they could 
demonstrate what they had learned in the environment that they had become familiar 
with.  Within the lessons there was intensive data collection.  Two digital video 
cameras, a minidisk recorder and a digital camera were used throughout. When 
individual activity was recorded, one camera was focused on Kay for all the sessions. 
Worksheets produced by the students  in the lessons were also photocopied for later 
analysis. 
NATURE AND CONTENT OF THE LESSONS 
The main purpose of the sessions was to develop an understanding of the properties 
of quadratic functions.  Each lesson began with Rob Beswetherick giving an 
introduction.  He used a combination of a data projector which was used to 
dynamically display Omnigraph and a traditional whiteboard to write down the odd 
equation.  Rob would also ask questions of the class and sometimes they would come 
up to the front to point on the projections.  Intermittently there would be a series of 
exercises that he would get them to do.  These were referred to as “quiz graphs”.  For 
instance he would ask them to sketch the graph of a particular function on their 
worksheets.  After the introduction the students would go to the computers and 
follow worksheets that Rob had designed.  These tended to involve a mix of clearly 
prescribed tasks and those that allowed a greater degree of experimentation.  At the 
end of each lesson Rob would draw the students back for a plenary. 
Omnigraph itself is fairly easy to master but a little time was allowed in the first 
session (about 10 minutes) for the students to play with the package.  For example, 
Rob allowed them to play with the zooming function, which was important in later 
explorations by the students 
ANALYSIS - FOCUS ON KAY 
Kay was one of the six students chosen for more detailed observation and interviews.  
She represented someone slightly below the middle of class in terms of her present 
attainment levels (this was based on the teacher's personal assessment).  She also 
attended both interviews and all of the sessions (this was not true of some of the 
others within the group of six).   Other students within the six are to be compared and 
contrasted with Kay at a later date.  Kay came from a fairly ICT rich home 
environment.  Her father worked with IT and encouraged Kay to install programs 
herself because he felt this would help her learn.  Part of the success of the use of 
Omnigraph with Kay might partially be due to her general confidence and familiarity 
with ICT. 
Initially the data collected from the survey was eyeballed.  The graphical output and 
Kay's answers on the worksheet gave an indication of her activities during the 
lessons.  It was possible to record almost all the graphs that she produced with 
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Omnigraph throughout these lessons.  The graphs that she produced were related 
back to the worksheets and coded in the following ways: 
A - anchor graphs - these are graphs that act as a kind of base point e.g. y = x, y =x
2
P - prescribed graphs - graphs given by the teacher e.g. plot the graph of y = 3 + x
2
E - Experimental graphs - these may be in the form of more open ended questions 
e.g. "What changes and what stays the same when you change the "a" in y = -(x + a)
2?" 
Sometimes Kay produced a series of experimental graphs that were related to each 
other in some way.  These were referred to as ‘runs’ (see figure 1 for an example). 
Throughout the sessions Kay produced a total of at least 6 anchor graphs, 27+ 
prescribed graphs and 38+ experimental graphs. A total of 9 runs were also identified.  
It is clear that a large amount of the graphs produced by Kay were experimental in 
that she played with different variables within the limits of the tasks set by the 
teacher.  
y=x
2 
y=-x
2 
y=-(x+3)x
2
y=x
2 
y=-x
2 
y=-(x+3)x
2 
y=(x+4)
2
y=x
2 
y=-x
2 
y=-(x+3)x
2 
y=(x-6)
2
y=x
2 
y=-x
2 
y=-(x+3)x
2 
y=-(x+6)
2
Fig. 1: An example of an experimental run of graphs produced by Kay 
It was clear after the lessons that Kay had progressed in her understanding of 
quadratic functions.  In the pre-initiative assessment Kay was unable to plot any of 
the three graphs given.  In the post-initiative assessment she sketched the three graphs 
accurately.  It was interesting that she had sketched these graphs and not plotted them 
in the traditional way.  This demonstrated  an understanding of the effects of the 
various parameters on the behaviour of the graphical representation rather than 
merely using a series of calculations to generate the shape of the graph. 
In the interview with Kay and Guy, Kay demonstrated a good understanding of the 
behaviour of the quadratic plots under varying conditions.  The researcher showed the 
students sketches and they had to reproduce them.  They were completely successful 
with two of these and successful with some gentle hinting by the researcher in the 
other two. 
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CONCLUSIONS 
The focus of this paper has largely been to take a look at how the structuring of the 
tasks might effect successful learning with a mathematical microworld such as 
Omnigraph. Omnigraph is not in itself difficult to master but creating the right 
learning environment to foster and use it effectively requires planning and thought.  
When a new initiative is introduced into the classroom the results cannot always be 
predicted because researchers, teachers, pupils, and wider cultures all bring their own 
meanings and understanding to the event (Noss & Hoyles, 1996).  It is well known 
that with many of these new microworlds teachers might simply try to do what they 
have always done within the confines of a curriculum that precedes these innovations. 
They will also bring to the software their own knowledge, experiences, 
interpretations and preconceptions.  As well as this the students will all react to the 
software in different ways forming unique "instruments" or student-software 
complexes.  Within this design initiative the teacher was asked to choose an area that 
they wished to work in.  The researchers then worked with him to develop the ideas 
to try out in the classroom.  Rob was taking a risk by moving from his normal way of 
working with Omnigraph to allowing the students to work at the computers on their 
own, with the potential anarchy that may sometimes occur.  However by planning the 
tasks, allowing a mix of experimentation and prescription, the students could be kept 
to task and gain a useful learning experience.  It was also clear that Kay found the 
tasks stimulating as demonstrated by her frequent interactions in whole class 
activities and in a comment to the teacher after one of the classes where she indicated 
to Rob her enjoyment of the tasks. Rob was shown the videos of his lessons and in 
his own post-initiative reflections he thought that some of the tasks could have been 
developed to be more open ended since some students finished the tasks and could 
have been give further, more challenges to work on.  
It is also important that the tasks are designed to prompt the students to reflect on 
their actions, to think and predict, and help them to generate an insight into the 
mathematical concepts that they are learning. 
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EXTENDING A SEQUENCE OF SHAPES: PICTURES, PATTERNS 
AND PROBLEMS 
Jenny Houssart, Hilary Evens 
Centre for Mathematics Education, Open University 
We consider children’s responses to a sequence question from the 2001 Key stage 2 
National Curriculum tests. The most common method of successful solution involved 
some form of table of numbers. Other methods included drawing and use of a 
relationship. The idea of a ‘best method’ proved problematic, as both the apparently 
sophisticated and reliable methods produced errors. 
INTRODUCTION 
This paper concerns the responses of 11-year-olds to a written question from a 
National Curriculum test concerning a sequence of growing shapes, which we call 
‘Squares and Circles’ (see Appendix 1). The work arises from a wider study, carried 
out with the Mathematics Test Development Team at the Qualifications and 
Curriculum Authority. The study concerns the responses of 11-year-olds to tasks that 
can be seen as pre-algebraic. The first phase is based on the responses of children to 
Key Stage 2 written mathematics tests. The selection of questions and responses to 
some other questions are described elsewhere (Houssart and Evens 2002).  
BACKGROUND 
Sequences of patterns are seen by many as a way of approaching algebra (eg. Mason 
1985, 1996, Lee 1996). Orton et al (1999) discuss the possible benefits of setting 
pattern tasks within pictorial and practical contexts. These include adding meaning to 
the task as well as perhaps making it simpler for some or all pupils. Mason et al 
(1985) make extensive use of patterns of shapes when suggesting activities which 
will encourage pupils to express generality. They suggest four stages in this process: 
seeing a pattern; saying a pattern; recording a pattern and testing formulations. 
Tasks of this type are also seen by many as appropriate for both primary and 
secondary children and hence several studies compare the response of upper primary 
and lower secondary pupils to items involving sequences of patterns. For example, in 
tests set in 1982, the Assessment of Performance Unit asked 11 year olds and 15 year 
olds several questions involving sequences of shapes (APU undated).  In all questions 
more 15 year olds than 11 year olds were successful. Pupils were less likely to be 
successful as the information asked for became further from the pictured shapes. The 
omission rate was low for questions requiring a number as an answer, but higher 
when explanations and generalisations were sought. 
Stacey (1989) reports a study in which students aged between 9 and 13 worked on 
what she called ‘Linear Generalising Problems’. She classifies pupils’ methods and 
models, including those leading to incorrect answers. These include the ‘whole object 
method’ where children take a multiple of the number of parts in a smaller shape. In a 
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more recent study by Orton (1997), children aged 9 to 13 worked with sequences of 
matchstick shapes. She concludes that there are many barriers to generalisation. 
In studying solutions to problems where students have to identify the 100
th pattern in 
a sequence, Ishida points out that drawing is a poor strategy in such problems. He 
explicitly identifies the ‘best method’ which is providing an expression linked to a 
simple generalisable structure (Ishida 1998, in Japanese, reported in Ishida 2002). 
The question being considered here differs from those asked in the studies described 
above in three ways. Firstly the question is presented with a table of numbers 
alongside the pictures, which may have encouraged the children to use tables or lists 
of numbers in their solutions. Secondly our question only requires an answer about 
one other shape in the sequence and it is near enough to be reasonably reached by a 
drawing or difference method. Stacey calls this a ‘near generalisation’ and both her 
study and that of Orton include ‘far generalisations’ where such methods are unlikely 
to be practicable. Finally the ‘Squares and Circles’ question requires pupils to give 
the number of squares (effectively the same as the number in the sequence) for a 
given number of circles, rather than the other way round. In this respect the question 
can be seen as more demanding. 
FINDINGS 
Overview 
We looked at the responses of 451 children to this question. These are summarised in 
Tables 1-3 in Appendix 2. 
This was amongst the harder questions in the test, with only 37% of the papers 
examined showing the correct answer, as shown in table 1. However, unlike some 
other ‘hard’ questions, many children did attempt to answer, with 48% of papers 
examined showing an incorrect answer. We classified the correct answers according 
to the method used. We also looked at incorrect answers and the accompanying 
working, if there was any, to try to find explanations for children’s difficulties. 
Correct Answers 
In this question, children were specifically instructed to show their working in a box 
provided for this purpose and the majority of them did so. This led to rich data, with 
diagrams, words, numbers and occasionally symbols used by way of explanation. 
Initial analysis suggests a wide range of solutions. A summary of solutions used by 
those giving the correct answer is shown in Table 2. The first, and apparently 
simplest category of working we call ‘Diagrams’. Most children giving answers in 
this category drew the pattern using 25 circles and then counted the squares. Other 
common solutions involved some type of table, chart or list of numbers. Some 
children seemed to have worked downwards, continuing both columns until they 
arrived at 25 circles. Others showed evidence of working across, linking the number 
of circles to the number of squares in each case. Such evidence was in the linking of 
the pairs of numbers by lines or rings, or the use of ordered pairs. Almost half the 
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children who answered this question correctly used some sort of continuation of 
number pattern in a table. Finally, some children presented solutions that focussed on 
the relationship between the number of circles and the number of squares. These 
included explanations about subtracting one and dividing by two and in a few cases 
made use of letters to express the relationship. 
Incorrect Answers 
Analysis of incorrect answers is shown in Table 3. As with other questions we looked 
at, there was a wide range of incorrect answers, sometimes without working, many of 
which may have been guesses. However this question did produce some relatively 
common incorrect answers, some of which included working or explanations. They 
suggest four common errors. The most common of these was to assume one square to 
every three circles, arriving at an answer of 8, 9 or something in between. 47 children 
gave answers in this range, including 10 who made use of diagrams. A more 
surprising common incorrect answer was 10. This is explained in one of the examples 
in Appendix 1. This can be seen as similar to the answers of 8-9, as it was based on 
one diagram from the sequence only, known by Stacey (1989) as the ‘whole object’ 
method. A less common incorrect answer was 13, perhaps arising from children 
trying to halve 25. Finally, some children gave the answer 51, based on finding the 
relationship between the number of circles and squares, but applying it the wrong 
way round. 
DISCUSSION 
Children’s responses to this question differ to similar questions reported in the 
research literature in that the most common successful strategy was to use some sort 
of table of numbers. However it could be argued that children were drawn to this 
strategy by the fact that a table was effectively started for them. The fact that this 
question involved a ‘near generalisation’ meant that many children solved it by 
drawing and some also made use of the relationship between the number of circles 
and squares. The most common errors involved the ‘whole object’ method, which is 
consistent with other research. An additional error, caused by the fact that this was an 
‘inverse’ problem, was to apply the relationship the wrong way. 
It is difficult to define a ‘best strategy’ for this problem. Using the relationship 
between the numbers of circles and squares can be seen as most sophisticated method 
and would certainly be preferable in the case of a ‘far generalisation’. However in 
this case, some children applying the ‘relationship’ approach did so the wrong way 
round and arrived at an incorrect answer. 
The drawing approach could be seen as the least sophisticated, but most reliable. 
However for some children, there is a suggestion that drawing the shapes may have 
aided their understanding of the relationship. This method was far from foolproof, 
with some children drawing an incorrect pattern. 
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As well as accuracy, strategies can also be considered in terms of whether they helped 
children see the structure of the pattern, though this is not something easy to 
determine from a written answer. There is a suggestion that some children making 
correct use of drawings became more aware of the structure of the pattern as they 
drew. This is evident in the increasing gaps between shapes and in the addition of a 
relationship in one case. 
Finally it is important to remember that we can not be certain that the method 
presented in the solution box is the one that the child actually used to reach the 
solution. Some children presented a formal but incorrect method, such as dividing by 
three, alongside the correct answer. 
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APPENDIX 2 : RESULTS TABLES 
       2001 KS2  Paper A  Question  23      Squares and Circles 
 Table 1 
Total number of scripts    451 
  Number  Percentage (to 1%) of 
total number of scripts 
Correct answer   168 37 
No response  65 14 
Incorrect answer  218 48 
 
Table 2 
Analysis of correct answers  (168 scripts) 
Description Number  Percentage  of 
correct 
answers 
Correct   12       No working  15 9 
Diagrams   38 23 
Using differences between no. of circles and no. 
of squares i.e. adding 1 more each time 
32  
Adding 2 to the number of circles but no record of 
number of squares. 
10 6 
Table containing number of squares and number 
of circles but no linking. 
34 20 
Evidence of pairing the number of squares with 
corresponding number of circles e.g. ordered 
pairs, rings or lines joining. 
33 20 
Evidence of  relationship ×  2 +1  9 5 
Evidence of   – 1 ÷ 2  5 3 
Other working  21 13 
 
 Table 3 
Analysis of incorrect answers (218 scripts) 
Description Number  Percentage  of 
incorrect 
answers 
Answer 13  10 5 
Answer 51  9 4 
Answer 8, 9 or similar  47 22 
Answer 10   30 14 
Other answers  122 56 
    
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 54 
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 55 
TOWARDS NEW TRENDS ON THE ROLE OF USERS OF 
TECHNOLOGY: A LOOK AT SOME RESEARCH FIELDS 
Bibi Lins 
University of Bristol - CAPES (Brazil) 
Nowadays the role of users of technology is being more and more acknowledged and 
it is becoming crucial for various fields of study to (re)look at it, specifically when 
concerning working organisations and educational settings. This paper briefly 
discusses ontological spaces that users of technology are located within the fields of 
Artificial Intelligence (AI), Human-Computer Interaction (HCI) and Sociology of 
Technology (ST). It also shows how the awareness of the role of users of technology 
is gradually changing the focus of such fields. At last, an outline of my PhD studies is 
presented, which concerns the role of users of technology in the Mathematics 
Education field. 
INTRODUCTION 
This paper discusses what came to be new trends in the research fields of AI, HCI 
and ST, as a result of the growing awareness of the role of users of technology. 
Following this discussion, an outline of my PhD studies with respect to the use of 
Excel and Cabri by mathematics teachers is presented. As it meant to be a short 
paper, the examples in it will be narrowly given. 
ARTIFICIAL INTELLIGENCE (AI) 
AI had its focus originally on designing and implementing systems whose behaviour 
appears ‘intelligent’ to the eyes of human observers: looking at the system, observers 
can legitimately conjecture that its behaviour is due to some kind of reasoning. Then, 
the term ‘Intelligence’ from the ‘Artificial Intelligence’ means essentially that 
implemented models enable a machine to solve problems, in the sense that solutions 
of these problems have not been a priori encoded, but that the machine constructs 
them originally. For this reason, in AI, computational modelling of a process is meant 
to be computational modelling of the knowledge underlying it. Consequently, a 
methodology for an evaluation on a teaching/learning environment designed on the 
basis of concepts and tools from AI is one of the crucial questions raised in the debate 
about the development of ‘Artificial Intelligence and Education’ as a research field 
(see Balacheff, 1993 on this). For instance, one of the first significant project of AI in 
the early 70s with respect to the field of educational technology and mathematics 
education was the Logo project (Papert et al., 1979). Logo has been largely used in 
schools all over the world since its launch. Many research studies have been done 
about the impact of its use on the teaching and learning processes. Moreover, how 
Logo is being used and understood by teachers, students and schools (its users). 
Agalianos’ doctoral studies (Agalianos, 1997) is a good example on this. He took 
Logo as the unit of analysis, approaching it from a cultural studies perspective to 
discuss Logo as a cultural product in education. Unfortunately, there is no enough 
space here to discuss his work, but it is worth saying that Agalianos’ work is an 
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attempt to develop a sociological language for understanding educational computing 
and to suggest that the introduction and use of IT in education should also be situated 
within its social, political and cultural context. 
What initially appeared as one of the first AI project, with its focus on designing and 
implementing systems whose behaviour appears ‘intelligent’ to the eyes of human 
observers, became to be an object of study, which concerns mainly the role of its 
users. 
HUMAN-COMPUTER INTERACTION (HCI) 
Cognitive science has been the dominant theoretical voice in HCI studies since the 
inception of this field. Cognitive science as a main theoretical framework to 
technology has emphasised 'mental representations' as its main focus of study. It has 
concentrated on information, its representation and propagation, ignoring the study of 
artefacts (Zinchenko, 1986). In the late 80s, some scholars of this field were 
beginning to feel a theoretical pinch, with the sense that cognitive science is a too 
restrictive paradigm for finding out, for instance, the users’ differences and choices of 
using technology (Bannon and Bodker, 1991). A call for a shift to new theoretical 
perspectives by scholars, who recognised the inadequacy of traditional cognitive 
frameworks and acknowledged the growing awareness of the role of the user, was 
explicitly discussed in 1993, during a workshop ‘Rethinking theoretical frameworks 
for HCI’, in the Netherlands. One of the outputs of this workshop was a book edited 
by Nardi (1997) that brings activity theory as an alternative answer to the quest for a 
new background theory in the HCI field. In activity theory, people are not reduced to 
‘nodes’ or ‘agents’ in a system; ‘information processing’ is not seen as something to 
be modelled in the same way for people and machines. In this theory, artefacts are 
mediators of human thought and behaviour. In this way, in the book one finds 
practical ways to apply activity theory to technology design. For instance, Nardi 
(Nardi 1997, chapter 10) reanalyses some data from a study of slide makers (as in 
PowerPoint presentation) by using activity theory constructs. She argues that the 
application of some basic concepts from activity theory would have made immediate 
sense of her data in the first place. Again, due to lack of space it will not be possible 
to describe the study that Nardi carried out. It is worth having a look at the book 
about other HCI studies carried out by taking activity theory as a framework. 
Activity theory is not a rejection of cognitive science as Kaptelinin (Nardi 1997, 
chapter 5) stated, but rather a radical expansion of it. One reason that Kaptelinin 
argues for the need of this expansion is that a key aspect of HCI studies must be to 
understand things; technology - physical objects that mediate activity (which involves 
users) - and cognitive science, as Kaptelinin and some other scholars claim, has 
ignored the study of artefacts, insisting on mental representation as the proper locus 
of study. 
 
 
Pope, S. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 22(3) November 2002 
From Informal Proceedings 22-3 (BSRLM) available at bsrlm.org.uk © the author - 57 
SOCIOLOGY OF TECHNOLOGY (ST) 
ST has also a trajectory of different views of treating technology and its users. The 
technological determinism approach, for instance, does not take into account any 
social and cultural dimensions, by asserting that the most 'appropriate' innovations 
survive and only those who adapt to such innovations prosper. This perspective has a 
long history as well as a radical future (Bell, 1960; Blauner, 1964; Kumar, 1978). 
This approach holds that humans, i.e. human behaviour and even the course of 
history, are largely determined by, rather than having influence over, technology. 
Hence, this approach takes a radical essentialist view about technology by portraying 
technology as an 'autonomous development', which determines social and economic 
organisations and relationships. The first signs of response to this approach 
(Woodward, 1965; Freeman, 1987) came to be a model that became known as socio-
technical systems theory. Such a model included different elements to technology 
like: people, organisations, genders and others. Although this theory had been 
developed aimed at not taking an essentialist view of technology, it carries the 
implicit assumption that the nature and capacity of technology remains 'beyond the 
remit of sociological analysis'. That is, in this theory the nature and capacity of 
technology is treated as given, objective and unproblematic. A further set of 
alternatives to the technological determinism approach was developed with a generic 
label of social shaping approaches suggesting that the capacity of the technology is 
equivalent to the 'political circumstances' of its production (Williams and Edge, 
1991). Such approaches claim that social analysis must take into account the 
technology itself. Despite these approaches take an anti-essentialist perspective about 
technology, i.e. technology not being treated as given and unproblematic, there is a 
limitation placed upon the social aspects of technology. Within these approaches, 
only the design and implementation processes are treated, causing an underestimation 
of the significance of users’ interpretations and uses of technology. A more ambitious 
macro-approach, called the socio-technical alignments approach, considers the 
significance of the alignment between technology and society rather than focusing on 
the specific level of technology design or technology consumption. Hill (1988), for 
instance, argued that technology should be considered as a 'cultural text', that is, an 
artefact can only be brought to life through a cultural text - the rules by which we 
know how to use the artefact. Another approach, actor-network theory (Latour, 1988; 
Law, 1991), attempts to meet the requirements above by explaining the development 
and stabilisation of forms of technology. Whereas the socio-technical alignments 
approach focuses upon the results of alignments between social and technical aspects, 
the actor-network approach focuses upon the practical construction of these 
alignments. Although there is a criticism of 'residual technicism' in the latter 
approaches, actor-network theory has the distinct virtue of at least pointing to the 
possibility of an understanding of the machine which does not depend on the 
presence of a god within (Grint and Woolgar 1997, p. 31). 
To overcome the problematic of giving the same significance to designers and users 
of technology, which seems not to be tackled by the approaches mentioned above, 
Grint and Woolgar (1997) took a perspective of treating technology as text, designers 
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as writers and users as readers. They call their perspective or approach an anti-
essentialist one to technology, as there is not a tendency, called by them ‘technicism’, 
found in the other approaches. In this way, they argue that “what a machine is, what it 
will do, what its effects will be, are the upshot of specific readings of the text rather 
than arising directly from the essence of an unmediated or self-explanatory 
technology. A technology’s capacity and capability is never transparently obvious 
and necessarily requires some form of interpretation; technology does not speak for 
itself but has to be spoken for." (Grint and Woolgar 1997, p. 32). 
Within this brief description and narrow references about some of the approaches in 
ST, one can have an idea how the role of users of technology can be viewed 
differently within this field. 
FINAL REMARK: A PHD STUDY 
Several research studies have been carried out in Mathematics Education focusing on 
teaching/learning situations within microworld environments. A good number of 
them take, implicity or explicity, software packages as given, unproblematic. Such a 
position, which could be called an essentialist one, is implied in the findings of the 
studies when, for instance, showing or justifying what teachers are yet to achieve for 
best or adequate use of a software package. In other words, it can be said that in these 
studies ‘the software of the teacher’ is equal to the ‘objective software’ minus ‘what 
is yet to be achieved’: 
  software of the teacher  = objective software - what is yet to be achieved 
In contrast to this picture, my doctoral studies aimed to elucidate what Cabri and 
Excel were being constituted by mathematics teachers, that is, to look at what was 
being said by mathematics teachers about Cabri and Excel; and to investigate to what 
extent this was linked to the teachers’ use of Cabri and Excel in the classroom, their 
teaching approaches. Here, to look at ‘what was being said’ meant to look at what 
meanings were being produced by the teachers for Cabri and Excel from an anti-
essentialist viewpoint (Lins, 2000a; Grint and Woolgar, 1997). I believe that by 
treating software packages as texts and mathematics teachers as readers of such texts 
give room to understand how and why a software is being taken and used in a 
classroom in such a way. It is embedded an attempt to avoid an essentialist view of 
software packages (technology) when analysing the teachers’ use of them. In other 
words, in this doctoral studies, ‘the software of the teacher’ is to be understood as 
something different from an ‘objective software’ minus ‘what is yet to be achieved’. 
One of my assumptions is that the software package which reaches the classroom 
environment is not the one that once had been designed but rather a software: the one 
that the teacher has constituted. The Cabri and Excel presented in a classroom is a 
Cabri and an Excel: the Cabri and the Excel of the teacher. In this way, I argue that 
the use of a software package for teaching is not only, for instance, linked to the 
school curriculum but strongly linked to what a teacher sees in it. 
The doctoral studies consisted of four case studies: two teachers with respect to Excel 
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(Simon and Karine) and another two with respect to Cabri (Camilla and Anthony). 
Due to lack of space, methodological issues will be not raised here. A discussion 
about one of the case studies with respect to Excel can be found elsewhere (Lins, 
2000b). With respect to Cabri, one of the said powerful features of it, for instance, is 
the drag-mode that allows deformation of figures, which brings dynamism, where 
ideas of dependence and independence can be explored by establishing relationships 
among points on geometrical figures. From the two case studies (Lins, 2001), seeing 
and treating Cabri as such has shown not to be the case. The drag-mode has nothing 
to do with the Cabri of Anthony and the Cabri of Camilla at the time they were 
interviewed. This does not imply that it will never be. New meanings can be or will 
be produced by each teacher for Cabri, as meaning production is to be viewed and 
understood as a process rather than something static and fixed. The point is the 
importance of the awareness of the Cabri of the teacher in order to understand how 
and why Cabri is being taken and used in a classroom in such a way. The two case 
studies with respect to Excel will be discussed in my talk. 
This PhD study (Lins, 2002) is an attempt to develop a frame to approach the use of 
technology in Mathematics Education by treating it towards an anti-essentialist 
viewpoint of technology. It is also hoped to give a contribution to the Mathematics 
Teacher Education research field, as the study focused on the use of Cabri and Excel 
by mathematics teachers. 
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EXPLORING CRITICAL SENSE IN GRAPHING 
Carlos Monteiro & Janet Ainley 
Mathematics Education Research Centre, Institute of Education – University of 
Warwick 
In current social contexts there are various situations in which people participate in 
graphing activities. The school has an important role in the teaching of graphing 
knowledge to citizens. Several researchers have stressed critical sense as an 
important aspect of the data handling process. This paper reports on a pilot study 
exploring some tasks in which primary school teachers might approach graphing, 
using critical sense as an important element. Analysis of the results suggests factors, 
which may be significant in the design of such tasks. [1] 
INTRODUCTION  
As a data handling activity, graphing might be conceptualised as a process by which 
people can establish relationships between data, and infer information through the 
construction and interpretation of graphs.  
The activity of graphing might be developed in various contexts. Gal (2002) states 
that data handling activities, including those related to graphing, may happen in two 
main kinds of contexts: ‘enquiry’ and ‘reading’. In enquiry contexts people engage in 
empirical investigation of actual data. The individuals act as ‘data producers’ or ‘data 
analysers’ and usually have to interpret their own data and results and report their 
findings and conclusions, e.g. researchers, statisticians, students. The reading 
contexts emerge in everyday situations in which people see and interpret  graphs 
(watching TV, reading newspaper, looking advertisements while shopping, visiting 
internet sites etc). Figure 1 provides an example of a media graph that was published 
to illustrate journalistic arguments about the use of contraception and fertility rates. 
 
Figure 1: graph reprinted from The World in 2002, The Economist, 2001, p.132. 
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According to Gal (2002), in the activity of interpreting media graphs, adults mobilise 
diverse skills and types of knowledge (e.g. literacy skills, statistical and mathematical 
knowledge, beliefs and critical sense). In particular, this author emphasises that 
reading contexts of print media graphs demands a certain level of ‘statistical literacy’ 
in which readers can interpret, critically evaluate, and comment on statistical 
information, arguments, and messages. For example, in Figure 1, among other 
aspects, we might notice that 1.8 and 1.5 children are represented as equal (one baby) 
where they are not.  
Several authors have stressed the importance of critical sense as part of ‘statistical 
literacy’ (Gal, 2002). This means the ability to look behind the data and deeply 
analyse information and its interrelations rather than simply accepting the initial 
impression given by the graph. This is a graphing skill related to the role of citizens 
in society (e.g.; Adler, forthcoming; Evans and Rappaport, 1998; Watson, in press). 
Another particular context in which the graphing activities are developed is the 
school. In spite of official inclusion in national curricula, in some countries the 
teaching of graphing has had a slow development. 
In school context, graphing activities might be related to ‘reading’ and ‘enquiry’ 
contexts. For example, Watson (in press) argues that teachers are enthusiastic about 
using newspaper articles containing significant mathematical content as pedagogic 
resources. Unusual and sometimes misleading graphical presentations (such as figure 
1), which occur in print media, might be excellent examples to motivate and 
challenge students. 
However, this kind of graphing task demands critical sense as important skill through 
which students can establish links between the different aspects involved in graphing 
situation. The student teachers, as any citizen, need to be able to look critically at 
statistics presented by different sources, such as governmental statistics about 
unemployment, inflation, poverty etc (Evans and Rappaport, 1998), where the line 
between ‘mere description’ and ‘suggestion’ may be very fuzzy (Konold and 
Pollatsek, in press).  
Nevertheless, Adler (forthcoming) argues that the resources in and for school 
mathematics are drawn from both academic and everyday mathematical practices. 
Mathematical activity in school is by necessity neither an everyday activity nor the 
activity of the mathematician. Therefore, the utilization of resources from out-of-
school practices produces an important challenge for teachers, because the 
recontextualisation processes are complicated and sometimes contradictory. 
Primary school teachers face several challenges when teaching graphing. Amongst 
these we can identify: the construction of meaningful context for teaching, the use of 
the computer as teaching tool, and the articulation between outside school and school 
knowledge/use of graphs. These challenges may increase further when the complex 
issue of developing critical sense is included.  
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EXPLORING CRITICAL SENSE 
In this paper, we report on a pilot study, which explored the approaches to graphing 
shown by some student teachers, using critical sense as an important element. The 
study is based on interview tasks, which aim to simulate reader and enquiry contexts, 
and focuses on how effective these are for supporting the development of critical 
sense. It will inform a larger study into ways in which primary school teachers can be 
helped to develop critical sense in their own use of graphing, and awareness of the 
importance of critical sense in their teaching of graphing. 
METHOD 
The ten student teachers that took part in the study were from the second year of an 
undergraduate course and were following different specialisms  (mathematics, art, 
science and English). However, they had all taken a curriculum methods course in 
primary school mathematics, which included a section on data handling. All the 
students were female. Each student was interviewed twice, once individually, and 
then with another student taking the same specialism. In the paired interviews, 
students were asked to work on a computer-based task. However, because of lack of 
space, we focus here only on the individual interviews. 
Individual Interview 
In the first interview, each student was asked about their familiarity with media 
graphs in a reader context and their familiarity with computers. In this interview, the 
participants were also given two tasks based on print media graphs. The graphs were 
chosen as having contents that would relate to the interests of the students.  
The first graph was presented in the context of a magazine (See Figure 1). The 
students were invited to imagine that they could talk to the person who had produced 
the graph and invited to ask any questions about it. 
The second task used two graphs related to road accidents, which were extracted 
from  Quality of life in Warwickshire (2001). The students were then asked to 
consider the possibility of combining data from both graphs to produce one graph. In 
addition, they were required to think about how realistic the targets displayed in the 
both graphs were. 
Figure 2: graphs reprinted from Quality of life in Warwickshire, September 2001, pp. 93-94. 
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ANALYSIS OF INTERVIEWS 
Half of the students said that they regularly read a newspaper and/or magazines 
aimed at a female audience. One student was a subscriber of a periodical.  
Fertility graph 
The students’ responses to the fertility graph (Figure 1) were limited. Some students 
formulated interesting questions, which were mainly related to factors such as the 
source of data, and the methodology used to collect it. For example Anne (English):  
Yeah – I’d like to know how they got the pictures in the first place. (...) I'd like to ask 
about, how they did the survey, the article around it. The actual survey itself. Did they 
test a small concentrated group? How did they make sure it wasn't varied? Can't see it 
from the graph (...) 
In general, students’ comments regarding the ‘fertility graph’ focused on the 
appearance of the graph or technical aspects of production of data, rather than the 
subject matter itself. For example, they did not ask questions associated with the 
relationship between the use of contraception for women and rates of fertility in the 
regions shown by the graph, or about why only data on married women was included. 
Road accident graph 
The variability of questions here was greater than for the fertility graph. Many of the 
questions were connected with the conceptual aspects of data presented by the graph, 
rather than technical aspects. For example, Jackie (Mathematics):  
As I was saying what’s serious injury, what’s classed as serious injuries? And what age 
do they class as children? …      
In this task, students were also invited to compare and combine the data that came 
from both graphs. This necessitated that they (at least visually) manipulated data. The 
manually drawn graphs produced by the students were an important resource for 
them in beginning to establish relationships between the data.  
Finally, students were asked whether the targets shown on the graphs were realistic. 
Different interpretations were given based on the same information. Generally, these 
considered contextual factors not indicated by the graphs, rather than focussing on the 
graphs themselves. For instance, Julia (science) referred to the continual rise in the 
amount of traffic, which was not taken into account by the graph: 
R – Do you think that these targets are realistic? 
J – Going on the data there, no. Because there is a slight rise… Here… the data stayed the same 
but … its a lot to achieve… I mean I’d like those deaths reduce like much… but I think it is 
a quite hopeful target … I don’t think it’s realistic, no.       
R – Why?     
J – …Because if I was just going on the data alone… But, personally having children the amount 
of education that they get on road safety … it just goes straight over their heads you know 
they still run across roads and with the increase in traffic, the increase in cars… I can’t see 
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the correlation of an increase in traffic and the reduction in road accidents, but… That’s 
personally me… 
Comparing the tasks 
In general, the comments of most of the students (including Julia, who was herself a 
mother) were more limited during the interpretation of the fertility graph than in the 
task using the road accidents graph. Comments on the fertility graph also tended to be 
concerned with features of the graph itself whereas in commenting on the road 
accident graphs, students drew on a range of contextual information. It seemed that 
during the road accident task, many students were more engaged in the data-handling 
situation, and their critical sense was activated more strongly. The bar graphs related 
to road accidents were closely linked with the daily lives of the students, particularly 
as it came from the region in which they study and/or live. The task was also the 
second in the interview, when students were more relaxed. However these arguments 
seems too simplistic to explain why the students demonstrated more critical sense in 
discussing these graphs.  
CONCLUSIONS 
We view the interviews in this study not simply as opportunities for data collection, 
but as situations in which learning and teaching happened. Analysis of the differences 
between the responses to the two tasks is therefore significant in exploring aspects of 
the interview tasks, which were important for the development of critical sense. We 
consider a number of factors.  
The nature of the graphs used 
The fertility graph is typical of many graphs presented in print media, in that it uses 
pictorial images related to the subject matter. It is essentially a combination of two 
bar graphs, showing levels of contraception and fertility rates, but the presentation 
tends to disguise the fact that two different data sets are being offered for comparison. 
In contrast, the road accident data are displayed on two separate bar graphs, with no 
decorative material. This invites comparison between the data sets, although the 
differences in scale necessitate some level of manipulation.  
The questions asked 
The initial question asked in both tasks (“if you could talk to the person who 
produced this graph, are there any questions you would like to ask?”) was designed 
elicit critical comment, and also to legitimise such comment and questioning, in 
contrast to traditional pedagogic settings which are limited to closed reading of 
graphs. 
However, in the road accident task, a further question required the students to make 
judgements about the reasonableness of the targets. This question seemed to be 
effective in activating critical sense. 
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Moving towards an enquiry context 
In the fertility graph task students were only involved in reading the graph. The road 
accidents task required the students to do some simple manipulation in order to 
produce a graph to combine the two sets of data. This moved them from being simply 
readers of the graphs towards being more actively involved in data analysis and 
presentation. In Gal’s (2002) terms, this is closer to an enquiry context than the 
reader context in which people would generally engage with media graphs. Results 
from this pilot study support our conjecture that enquiry contexts are more likely to 
develop the use of critical sense. 
The relevance of data content 
Although both graphs were chosen because we felt that the data content would be 
relevant to the participants (all female student teachers), the road accident data seems 
to have engaged their interest and concern to a far greater extent than the fertility 
data. The limited data available from this study means that we can do no more than 
speculate about the reasons for this. Engagement in purposeful activity plays an 
important role in deriving meaning from content and we conjecture that this will 
support the development of critical sense. The relationship between engagement with 
data content and the development of critical approaches will be an important aspect 
of investigation of further study. At present we simply note that it is not easy, even 
when considering this factor explicitly, to predict the relevance of data content for 
particular groups of students.  
1 This research is supported by CNPq – Conselho Nacional do Desenvolvimento Científico e Tecnológico (Brazil). 
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THE USE OF ORIGAMI IN THE TEACHING OF GEOMETRY 
Sue Pope 
St. Martin’s College, Lancaster 
This paper describes how Origami was used as a source of mathematical problem-
solving in a series of lessons with Year 6 and Year 7 children. One of the strategies 
was to give groups of children an Origami object and allow them to discover for 
themselves how to make it. The children were asked to make posters to enable 
children in the other year group to make their object and were encouraged to reflect 
on the mathematics they used in completing the various challenges. Could origami be 
a starting point for geometrical activity which would be useful in primary-secondary 
liaison? 
INTRODUCTION 
There are members of the mathematics education community
1 who are convinced of 
the value of paper folding activities in the classroom to support the development of 
mathematical understanding. However, this is not widespread and there is certainly 
no mention of it as a strategy in official documentation. Internationally there have 
been a number of conferences on origami in education and therapy and on origami 
science, mathematics and education (see for example, Cornelius (1995) and Hull 
(2002)). In America many resources have been produced to encourage teachers to use 
origami throughout school and college teaching of mathematics (see for example 
Pearl (2002) and Jones, R. (2002)). 
In a recent report by the Royal Society and Joint Mathematical Council (2001) on the 
teaching and learning of geometry the need for developing good models of pedagogy 
was highlighted (key principle 7). Recommendations of the report included 
opportunities for practical problem solving in geometry (recommendation 7) and the 
development of logical argument through geometry (recommendation 6).  Theories of 
learning about geometry (for a concise summary see for example Jones, K (2002)) 
stress the importance of practical experience to support the development of 
visualisation and the ability to deal with relationships between geometrical properties. 
As an accessible practical activity, Origami also offered a potential bridge between 
primary and secondary mathematics. 
A leading mathematics teacher working in a middle school with high attaining Y6 
and Y7 students expressed concern that whilst her students were excellent at 
modelling number mentally and thinking logically to solve problems in number their 
                                           
1 Many members of the Association of Teachers of Mathematics and the Mathematical Association 
enjoy sessions at their annual conferences on mathematics and origami. Both associations have 
included articles on paper-folding in their journals: Mathematics Teaching and Mathematics in 
School respectively. 
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experience of practical mathematics and consequently their ability to work with 
geometrical concepts was very limited. Students would struggle with a practical task 
such as draw shapes with the same area as a given rectangle. Whereas if they were 
asked to find pairs of numbers whose product is 24 they would find it easy! I 
managed to persuade my colleague to work with me on some lessons using Origami 
as a starting point. 
We planned lessons for Y6 and Y7 adopting  strategies advocated by Wollring 
(2001).  
•  Only the very simplest folds are introduced to the whole class, students then 
investigate properties of the resultant shapes and justify their findings. Students 
are challenged to develop their shape into something more interesting. 
•  Students work in groups. Each group has two examples of a folded object. 
Advise students to dismantle just one object and figure out how it is made. As 
the objects are modular (i.e. made of more than one piece) once they have 
decided how one unit is made they can then work together to produce the units 
they need. By having one intact model they can figure out how to reconstruct 
the model.  
•  Students are asked to communicate their findings by preparing posters that 
could be used with other groups of students in order to make the same object. 
These posters should use as few words as possible.  
We also asked students to reflect on the mathematics they had used and/or learnt 
during the lessons. This was something that the students were used to doing as their 
teacher regularly asked them to write about their learning of mathematics. 
The purposes of the lessons were to investigate the extent to which Origami offers  
•  access to a range of geometrical concepts and opportunities to further develop  
understanding,  
•  opportunities to develop problem-solving and communication skills,  
•  appropriate challenge for students at the interface of primary and secondary 
mathematics. 
THE PLANNED LESSONS 
The first lesson for year 6 involved using A paper. Students were asked to fold the 
paper in half along the long mirror line, unfold, and to then fold one corner of the 
shortest edge onto the original crease to make a new crease through the adjacent 
corner. Students were asked to find out all they could about the resultant 
quadrilateral.  
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Figure 1: Crease lines on A paper, and trapezium with angles marked 
Once students had agreed and come up with reasons for the properties of the 
trapezium, they were asked if it would be possible to make an equilateral triangle. 
Students found out how to fold their equilateral triangle into a triangle whose sides 
are half the length (what happens to the area?) and into a regular hexagon (what 
fraction of the area of the equilateral triangle is it’s area?) 
 
Figure 2: Fold a regular hexagram from an equilateral triangle 
They were then shown a folded regular hexagram and asked how they might develop 
their equilateral triangle into such a shape. The second lesson involved students 
working in groups to develop a poster for other students (the year 7 class) to have a 
go at making the hexagram. 
The first lesson for year 7 involved using pairs of pre-folded stars with small groups. 
The challenge was to figure out how to make the star. Students were advised to pull 
one star apart and to keep one intact. The star is a classic origami model which, 
unlike many modular origami objects, uses two symmetric units. 
 
Figure 3. The 4-pointed star made from two symmetric pieces 
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Students were challenged to determine the properties of this star and then, in their 
groups to prepare a poster which showed how to make the star that could then be 
used with other students (the year 6 class).  
Subsequent lessons were spent completing the posters, reviewing the mathematics 
done, using the posters prepared by the other class, critiquing these and preparing 
revised posters. 
THE OUTCOMES 
Students thoroughly enjoyed the practical work and the experience of working 
collaboratively in small groups. They showed considerable determination and 
perseverance; for example, by the end of the first lesson only a few in year 7 had 
managed to complete the 4-pointed star. By the end of lunchtime everyone could do 
it; there had been some serious paper-folding going on in the playground! Students 
were extremely supportive of one another in their groups and in the class. They were 
keen to show what they had figured out but were also patient in allowing others to 
figure things out for themselves. 
In year 6 several students thought that the acute angle in the trapezium (see figure 1) 
was   because they had folded a right angle. Using a number of trapezia together, 
or folding the acute angle in half convinced students that this wasn’t the case. 
Students used a range of approaches to show that the angle was indeed  :  
° 45
° 60
°
°
° 60
° 60
•  When you halve the acute angle and unfold the right angle is split into three 
equal angles so the acute angle must be double 90 divided by 3, i.e. 60 . 
•  The acute and the obtuse angle are a straight line and the obtuse angle is twice 
the acute angle so the angles must be   and 120 .  ° 60
•  Three acute angles together make a straight line so the angle must be  . 
•  Six acute angles fit together around a point so the angle must be  . 
When completing the posters students were encouraged to use partly folded pieces of 
paper to illustrate the process rather than lots of words. All groups in both classes 
successfully completed a poster to demonstrate how to make their object. During 
lessons students were encouraged to articulate and share their strategies. They also 
completed written tasks reflecting on the mathematics they had used.  
As well as recognising the geometrical content: angles, symmetry, properties of 
shapes, names of shapes, properties of angles within parallel lines, angle sum of a 
triangle, angle sum of a polygon, many students identified aspects of problem-solving 
such as ‘there is not just one way of doing something’ and the importance of 
communication and co-operation. Several were concerned with producing a quality 
product and so commented on the importance of accuracy and taking care. Others 
were impressed that careful folding could produce particular angles and lengths – 
‘you don’t need a ruler to measure accurately’.  The year 7 students noted that ratio 
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was important when producing their star as the starting piece of paper needs to be a 
rectangle with sides in the ratio 1:4. Students in year 6 also noted fractions having 
been challenged with the questions about what fraction of the equilateral triangle are 
the hexagon and hexagram. 
 
Figure 4. Poster designed by year 7 students 
Figure 4 shows a typical poster by a group of year 7 students which was used by a 
group of year 6 students with no further instruction or guidance to recreate the star. 
Using the posters in this way with the different classes offered a suitable challenge 
across the two year groups. Each class had become expert in their original model but 
using a poster for a completely new model revealed weaknesses in the way that they 
had communicated their method for making the model. For example few posters 
made by year 7 showed that any rectangle with sides in the ratio 1:4 would do, 
consequently some children in year 6 measured their rectangles rather than finding a 
folding strategy to make a rectangle with the required property. None of the year 6 
posters showed finding the centre of the original triangle as a step in making the 
hexagram, consequently it took year 7 some time to discover why their hexagrams 
‘looked odd’. Students found that being able to interact with the poster display was 
very helpful, consequently when revised posters were made students stuck down their 
interim models far more thoughtfully as they tried to envisage someone wanting to 
undo part of the folding to gain more insight into the process.  
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Despite this the students successfully recreated the other year group’s model, 
critiqued the poster they had used and produced a revised version. Although the 
revised versions were easier to interact with they didn’t necessarily address the other 
issues mentioned above. Although the students could make the models, 
communicating the process any more clearly than on the original poster was not easy. 
The teacher was pleased with the way her students worked on these tasks and the 
mathematics they were learning. Some time after the lessons she gave the Year 6 
students some typical KS2 level 6 Shape and Space extension questions on angles. 
The class had had no formal teaching on angles during the year apart from the work 
on Origami. She was delighted that all the children completed the questions 
successfully, and attributed the success to the learning that had occurred earlier. 
IMPLICATIONS FOR THE CLASSROOM 
The use of Origami in the lessons described allowed a wide range of mathematics to 
be covered in a stimulating and enjoyable way. Alongside the development of 
mathematical understanding the students were developing their problem-solving 
skills and their ability to work co-operatively with others. Producing posters 
challenged students to communicate their method succinctly to an audience. The 
students rose to this challenge even though not wholly successfully.  
This approach straddled Primary and Secondary mathematics effectively. In this 
particular series of lessons the same teacher taught both groups but it would be 
interesting to find out if the same approach could be used in different schools with 
different teachers. Were it effective, then it could make an excellent liaison activity 
rich in mathematical opportunities. 
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MATHEMATICS EDUCATION AND APPLIED LINGUISTICS: 
WORKING GROUP REPORT 
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INTRODUCTION 
The aim of this second meeting of the working group was to engage in issues arising 
from applied linguistics research. The session focused on an example of data from a 
project in which Brian Street is involved. Having circulated the data beforehand, 
Brian invited a discussion around some of the issues a group of mathematics may be 
able to address in a more informed way, or at least in a different way, from an applied 
linguist. This short report begins with a brief outline of the data discussed, followed 
by Brian’s reflections on the discussion and how it took his thinking forward. 
AN OUTLINE OF THE DATA 
The data comes from field data collected in The Leverhulme Numeracy Programme. 
It is an example of what we term a ‘numeracy event’ and concerns Aaysha. The data 
comes from field notes made by Alison Tomlin during visits to Aaysha’s home. 
The Context 
At the time of this story, Aaysha was 5 years old. She lived with her two younger 
siblings and with both parents in a locally well-known very run down hostel for 
homeless people. The family came to the UK one and a half years ago from Pakistan 
and are currently living in relatively poor conditions… . Alison, the researcher, met 
Mr and Mrs Anwar and their three children in a room with a single bed and two hard 
chairs…. The family language is Urdu; Mr Anwar is studying English at the local 
college but is not yet fluent, and Mrs Anwar is at home with the three children. 
Aaysha’s English is now fluent, where at the start of her Reception year she had very 
little English.  Her father said with some humour, “She’s the interpreter now”. 
Gregory, (1999), indicates that for many migrant families young children may act as 
mediators or interpreters.  
Both parents had worked for an insurance company in Pakistan.  Mr Anwar was a 
senior manager, with responsibilities including actuarial issues, recommending 
changes to premium policies and levels.  Mrs Anwar was a manager but lower 
ranking. He has an MA in statistics and ‘loves statistics’. His insurance exams were 
USA accredited. He is hoping they will be accepted here, and will look for work in 
insurance when his English is up to it. Mrs Anwar said she did some things at home 
with Aaysha such as counting things in the flat.  Aaysha helps with cooking by 
measuring things in terms of cups.  Aaysha chooses books from the library and 
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counts how many books she’s got.  Aaysha plays teacher with her nursery-aged sister 
and likes ‘games’ on TV.   According to the school neither parent sees Aaysha in 
school. She is quiet at home and at school.  Both the father and teacher called her 
‘shy’.  
The Numeracy Event 
Alison’s field-notes contain the following item, which will be interpreted in terms of 
numeracy events and practices: 
“I said the class didn’t have many children. Aaysha tried to count them by silently 
running through them in her mind, totting up numbers on fingers. I noticed she 
finger-counted in threes, three to a finger or thumb. I asked about this: Mr Anwar 
says ‘we’ count three to a finger, so 15 to a hand, 30 in two hands. Mr Anwar’s 
description included folding over two fingers and saying six - I think he was saying 
to me that it’s well internalised, you know how many several fingers represent. 
Implication in standard maths terms would include for example speed in multiples of 
3. He said one to a finger is no good because you only get up to 10. I asked if they 
had taught this to Aaysha, or if she’d just picked it up from watching them. There was 
no clear answer to this so we don’t know if it was deliberately taught or picked up 
from home practices. I’d expect they taught it to her, since it’s unlikely (cf. English 
adults) her parents do it enough themselves for her to ‘pick up’ without prompting.” 
(AT/Tarnside/Nida 1, 21.11.00) 
On a second visit Aaysha was asked by Alison about the event above. An interpreter 
gave Aaysha’s views: 
“She can do it on hands and she can do the school like the school what they teach and 
she can do both ways now.  And now she is using more whatever they learn in school 
that way.  Instead of her method”.  Mrs Anwar commented, through the interpreter, 
“She’s learning much faster you know, whatever they teach in school, instead of … 
whatever she learns from home”.(Home interview with ‘Mrs Anwar’ and daughter 
‘Asha’, Year 1 pupil at Tarnside CE Primary, on 1.6.01 with interpreter and Alison 
Tomlin) (A fuller selection from the transcript in which this interaction took place is 
available) 
Questions 
Some of the questions Brian was interested in discussing with mathematics educators 
include: 
•  does it add anything to call this a ‘numeracy event’ ? 
•  what does it tell us about home- school relations?  
•  is it helpful to see it as an example of ‘code switching’? 
•  ‘what is going on’ in mathematical terms? 
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•  is the finger counting at home different from that at school in significant 
mathematical ways? eg ‘solving problems vs patterns and calculation 
procedures 
BRIAN’S ACCOUNT OF THE DISCUSSION WHICH ENSUED 
From one perspective it could appear that Aayesha is simply using the joints of her 
fingers as single points of reference, so that her ‘counting in threes’ is actually 
counting in ones and is no different from that of the classroom practice whereby each 
finger is a unit. The combination work that mathematicians find fascinating about this 
example may be comparable between Aayesha seeing ‘three’ in a finger and school 
teachers seeing five in a hand. However, all of the mathematicians we have spoken 
with do emphasise the significance of learners coming to recognise part/ whole 
relations and are alert to the possibility that different techniques for ‘counting’ may 
actually facilitate or ‘afford’ ‘more sophisticated’ mathematical operations: these 
include seeing patterns, moving from iconic to symbolic meaning, deploying higher 
order multiplicative procedures rather than the simpler cognitive functions of 
‘counting’. The question then arose ‘what are the affordances’ of Aayesha’s finger 
counting scheme and how do they differ from those of  the classroom? From the 
evidence we have, it is not clear whether Aayesha is aware of the multiplicative 
structures signalled by the affordances of using a finger to represent three. Her father, 
however, does demonstrate this, by ‘folding over two fingers and saying six’. It is this 
patterned use of the procedure that made some mathematicians interpret is as ‘more 
sophisticated’ than the procedure required in classrooms at this age. For some, then, 
this small numeracy event provides evidence that home numeracy practices may offer 
greater affordances than schooled numeracy practices.  
If we take this as an indicative example of a much larger phenomenon regarding 
home school relations, then it becomes extremely significant: it can help us know 
what to look for in other apparently small ‘events’ as we explore the relationship 
between home and school practices more generally, in literacy and numeracy – and in 
other communicative modes. The first step in the present case is to ask what we know 
about the event – Aayesha’s finger counting – and its context, what we need to know 
to make these broader points and how we can know. We know, for instance, that 
Aayesha appears to have spontaneously resorted to her finger counting to answer a 
‘real’ question – the researcher’s interest in how many pupils there were in her class. 
This event, then, was located within  home numeracy practices – using fingers to 
count in threes in a manner her parents had brought with them from Pakistan. When 
we asked the researcher to return to ask further questions, the ‘event’ changed its 
character: firstly, it became even further embedded in our research practices than 
even the first event; and secondly it began to take on some of the characteristics of 
‘schooled numeracy practices’. The question-answer routines are very familiar to 
classroom researchers and the attempt to elicit explicit meanings about the activities 
are typical of classroom discourse patterns, whilst the mathematics at play has been 
recontextualised from those of home to those of pedagogic practice.  
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This recognition also alerts us to the problem of how the ‘event’ has been construed 
in the first place. For the researchers Aayesha’s finger counting is a ‘telling case’ of a 
‘numeracy event’, for the kinds of reasons we have outlined above and elsewhere 
(Baker et.al., forthcoming;  Street, 2000). But was it an ‘event’ for Aayesha and her 
family? The visit of a researcher is clearly an ‘event of some kind – though not 
necessarily associated by those visited with ‘numeracy’. The researcher, Alison, says 
on her second visit:  
AT  And I really only have one big question and it’s about how you count.  One 
time when I came ‘Asha’, you were counting the children in the class.  You 
were saying I said I can’t remember how many children are in your class and 
you started to count up.  And you were saying the names of the children to 
yourself and you were counting with three to a finger.  Do you remember? 
INT [URDU]? 
PAT  [URDU] one, two, three, four, five [URDU] one, two, three, four, five.   
We cannot necessarily expect Aaysha to ‘remember’ the ‘event’ but she does take up 
Alison’s request to engage again in the actual activity of finger counting. This raises 
the question of whose interpretation we are working with when we label any such 
activity. In this case the labelling of it as a ‘numeracy event’ clearly stems from the 
research frame – neither in everyday life nor in classroom settings is the concept of a 
‘numeracy event’ particularly salient. It is, then, an etic concept – one imposed from 
outside on the data. Indeed, the very selection of the activity as data, amidst the 
stream of life activities, is itself a researcher construct, as is all ethnography. The idea 
that we simply ‘observe’ what is going on and then, secondly, ‘analyse’ it is one of 
the methodological myths that has been challenged by the ‘reflective turn’ in social 
science (Agar, 1996). We now recognise that the every selection of activities and 
events as of interest is already guided by our theoretical constructs. This does not, as 
believed previously, ‘contaminate’ the ‘pure’ data but rather signals the dialogic and 
constructive nature of data collection in the social sciences. For present purposes this 
methodological aside is crucial because it indicates what we need to make explicit, to 
dredge up from our assumptions, before we can address such questions as ‘how can 
critical literacy [or numeracy] be enacted in the classroom?’ One answer in this case, 
then, is that we would need to make explicit the underlying framing concepts that 
lead us to select particular ‘events’ as salient. Our definition of the event puts 
constraints on our description of it. The research team’s interest here is to attempt to 
make the link between ‘events’ and ‘practices’, so the focus on/ construction of the 
‘finger counting event’ was made because it appeared productive for fulfilling this 
purpose – as indeed it has proved to be.  
The ‘practices’ we are interested in are those of home and school and how they may 
differ or overlap. We hypothesise that where these differ between home and school 
more for some children than for others – classically for children from lower class 
backgrounds and those from some ethnic minority backgrounds, in contrast with 
professional white middle class backgrounds – then the switch between home and 
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school may generate problems that can lead to underachievement. All children, of 
course, arrive at school with a variety of registers, dialects or ideolects and all 
therefore have the potential to recognise when different ‘codes’ are being called for. 
Such code recognition, as in the evident case of bilingual speakers, can be immensely 
productive, leading for instance to metalinguistic awareness, recognition of language 
varieties as resources etc. However, where such code differences are treated as value 
differences – as is often the case in class uses of language or in some minority usages 
– then the resource becomes a problem. We hypothesise that this is frequently the 
case and may help explain the underachievement of children from working class and 
minority backgrounds. Further, such code switching is not restricted only to formal 
language varieties – the concept may also be applied to the discourses and procedures 
associated with formal and informal mathematical knowledge (cf Ginsberg et. al. 
1996). From a slightly different point of view, the issue here, may be seen as 
concerning the lack of recognition of achievement, rather than underachievement. 
This view might lead us to a point beyond the slightly Bernsteinian line of 
‘underachievement associated with class or ethnic difference’.  Indeed in the teaching 
of literacy and arguably of mathematics, a focus on recognising difference is likely to 
be more productive since it links directly into both classroom action and research 
reflexivity.  
In the present case, Aaysha’s home procedures for counting, whilst having 
considerable potential to facilitate her mathematical development, are ignored by the 
school which wants to replace them with its own procedures and codes. Aaysha, from 
the interview data, appears to have learned these adequately and can now ‘do both’. 
But from a pedagogic point of view some significant opportunities may have been 
missed here – the opportunity to enhance metalinguistic awareness, explicit skills in 
code switching, use of a variety of mathematical resources etc - and it is likely that 
for other children, without the cultural capital that Aaysha’s parents brought with 
them from Pakistan, such marginalising of home practices could be more detrimental.  
FINAL COMMENT 
The preceding thoughts are Brian’s account of what he took from discussion that took 
place in Nottingham. We would be interested to receive accounts or comments from 
others who were present. 
NOTE 
The Leverhulme Numeracy Programme is a five year research programme, (1997-2002), that 
focuses on pupil attainment in numeracy and is based at King’s College London. The research 
consists of a core longitudinal project and five focus projects linked to it and to one another. Each 
of the five focus projects seeks to explore in depth explanations of pupil underachievement in one 
or more of the broad areas of classroom, teacher, school and home, using subsets of the schools 
involved in the longitudinal core project and supplemented by other schools as appropriate. Focus 
4, ‘School and Community Numeracies’ has three researchers, Alison Tomlin and Brian Street 
(King’s College London) and Dave Baker (University of Brighton). 
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Developing a good model of the school geometry curriculum continues to be one of the 
most important tasks in curricular design in mathematics. This paper reports on an 
initial analysis of current best-selling textbooks used in lower secondary schools in 
Japan and the UK (specifically England and Scotland). The analysis indicates that, 
following the specification of the mathematics curriculum in these countries, Japanese 
textbooks set out to develop students’ deductive reasoning skills through the explicit 
teaching of proof in geometry, whereas comparative UK textbooks tend, at this level, 
to concentrate on finding angles, measurement, drawing, and so on, coupled with a 
modicum of opportunities for conjecturing and inductive reasoning. The available 
research suggests that each approach has its own strengths and weaknesses. Finding 
ways of capitalising on the strengths and mitigating the weaknesses could prove 
helpful in formulating new curricular models and designing new student textbooks. 
INTRODUCTION 
Geometry is one of the most important components of the school mathematics 
curriculum yet designing a suitable geometry curriculum remains a difficult task (see 
Clausen-May, Jones, McLean, and Rollands, 2000). Amongst the many difficult issues 
to get right is the approach to the teaching and learning of deductive reasoning and 
proof (Jones, 2000; 2002). While agreement about the importance of deductive 
reasoning in geometry teaching is widespread (Royal Society/Joint Mathematical 
Council; 2001), there are considerable problems in implementing this successfully in 
school mathematics curricula. A range of research across a number of countries has 
documented that, even after considerable teaching input, many students fail to see a 
need for deductive proving and/or are unable to distinguish between different forms of 
mathematical reasoning such as explanation, argument, verification and proof (for 
reviews of this research, see Hanna and Jahnke, 1996; Dreyfus, 1999). 
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A recent comparative study of geometry curricula found considerable variation in 
current approaches to the design of the school geometry curriculum (Hoyles, Foxman 
and Küchemann, 2002). For example, a ‘realistic’ or practical approach is apparent in 
Holland, while a theoretical approach is evident in France and Japan. Most countries, 
although not all, include elements of proof and proving in their curricula 
specifications. Here there are variations too, with some countries favouring an 
approach with congruence as a central element, while other used similarity and 
transformations. The review concludes by noting “there is evidence of a state of flux 
in the geometry curriculum, with most countries looking to change” (ibid p.121).   
One way of informing such change is to evaluate the influence of different curricular 
models on what students experience in the classroom and compare this to what they 
are able to do once they have been taught. In general, the curricular model adopted by 
different countries is experienced by pupils through the textbooks that are used in their 
classrooms (and for homework). While, of course, textbooks and curriculum guides 
are not the only critical influences on student learning,  such texts, as the Third 
International Mathematics and Science Study confirms (see, for example, Foxman, 
1999), do have a major impact and are thus worthy of study.  
This paper reports on an initial analysis of current best-selling textbooks used in lower 
secondary schools in Japan and in the UK (specifically England and Scotland). This 
textbook analysis is complemented by reviewing the current research on what is 
known about student capability in proof and proving with a view to suggested how 
curricula and textbook design might be improved. 
TEXTBOOK ANALYSIS AS CRITICAL REVIEW OF CURRICULA  
In this paper, we report on an initial analysis of the textbooks in use in Japan and the 
UK because these countries provide interesting and contrasting approaches to school 
geometry. For example, as Hoyles et al (2002) report, while there are many 
similarities between the curricula in these two countries, such as their spiral nature, a 
core of Euclidean plane geometry, some transformation geometry, a similar approach 
to mensuration, and a commitment to fostering logical thinking and inference, Japan is 
one of the few countries that tries to teach deductive reasoning (proof) in geometry to 
all students in lower secondary school (students aged from 13 to 15) in mixed-
attainment classes. In contrast, there is greater emphasis in the curriculum in the UK 
on conjecturing and inductive reasoning, with proofs involving logical argument likely 
to be only encountered by students after extensive experience both of inductive 
reasoning and of investigations where conjectures have to be explained.  
The specifications of the curricula for Japan and England can be found in Mathematics 
Programme in Japan (edition in English published by the Japanese Society of 
Mathematics Education, 2000) and Mathematics: the National Curriculum for 
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England (Department for Education and Employment, 1999), respectively. In 
Scotland, there is no statutory national curriculum; rather there are national 
‘guidelines’ for the teaching and learning of mathematics for students aged 5-14 in 
Scottish schools (see, Scottish Executive, 1991). 
Comparing these curricula specifications and guidelines we find the following: in 
Japan, for students aged 13-14 the curriculum states that, in geometry, pupils must be 
taught to “understand the significance and methodology of proof” (JSME, 2000, p24); 
in England, students in the 11-14 age-range need to be taught to “distinguish between 
practical demonstration, proof, conventions, facts, definitions and derived properties”, 
to “explain and justify inferences and deductions using mathematical reasoning”, and 
to “show step-by-step deduction in solving a geometrical problem” (DfEE, 1999, p36). 
For Scotland, the current curriculum guidelines for mathematics (dating from 1991) 
make little mention of deductive reasoning, although “adopting an investigative 
approach to learning concepts, skills and techniques” (Scottish Office, 1991, p48) is 
emphasised. 
The textbooks chosen for analysis are reportedly amongst the best-selling texts in the 
UK and Japan. The Japanese textbooks are the latest editions for lower secondary 
school published by Tokyo Shoseki (2001), one of the major Japanese publishers. For 
Scotland we chose the Maths in Action series now published by Nelson Thornes (the 
existing series, not the recently revised “New Maths in Action for S1 and S2”). For 
England we choose Key Maths series also now published by Nelson Thornes (again, 
the existing series, not the recent “Key Maths - Revised”). The recommended age-
ranges of the books are 13-15 in Japan, 12-16 in Scotland, and 11-16 in England. 
From the national curricula prescriptions, and following Hoyles (1997), it is expected 
that deductive reasoning and proof in geometry are dominant in Japanese textbooks 
and, indeed, this is the case. After studying geometrical constructions at age 12-13, the 
basic properties of lines, triangles, parallelograms and circles are introduced to 13-14 
year olds. The principles of how to proceed with mathematical proof are explained in 
detail, including the explanations of ‘geometrical constructions’, ‘definition’ and 
‘mathematical proof’. For pupils aged 14-15, the properties of similar figures and the 
Pythagorean theorem are studied. About one-third of the contents of the textbooks are 
devoted to geometry. In contrast, much of the Scottish and English mathematics 
textbooks chosen for analysis concentrate on finding angles, lengths, or areas, drawing 
and measurement of geometrical figures.  
Various approaches are used in Japanese textbooks. For example, the study of 
geometry often starts from problem-solving situation. Thus, while the statement ‘the 
base angles of an isosceles triangle are equal’ is proved (in the textbook for 13-14 year 
olds), prior to this proof, a task to make a right angle by using isosceles triangles (see 
Figure 1) is introduced, which encourages students to think of the properties that have 
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to be used in the proof. After proving such statements, theoretical exercises are 
presented which require the application of the statements which the students have 
learnt, e.g. ‘In a parallelogram ABCD, the angle bisectors of ∠B=∠C meet AD and 
BC at E and F respectively. Prove BE//FD’.  
Figure 1: Making a right angle 
In the current UK textbooks analysed for this study, and unlike Japanese textbooks, 
facts are usually given first (generally in a box at the top of the relevant page), and the 
exercises follow. The exercises invariably involve finding angles, measurement, 
drawing, and so on. Occasionally, exercises such as ‘prove that vertically opposite 
angles are always equal, ...’ (Maths in Action 2, p. 20) and ‘Draw a parallelogram 
ABCD, and join A to C. Explain why the sum of the angles of the parallelogram is 
360’ (Maths in Action 2, p. 170) appear. Some opportunities for conjecturing and 
inductive reasoning are evident. In general, however, systematic explanations of proof 
and geometrical constructions are not present in the editions of the textbooks analysed. 
Whether the new editions of these textbooks are any different in this respect will be 
reported in a planned extension to this research project. 
STUDENTS’ UNDERSTANDING OF PROOF 
The analysis conducted indicates that current editions of UK mathematics textbooks 
are designed around a set of exercises with mathematical theorems merely stated 
rather than developed or proved. In contrast, in Japan, textbooks attempt to develop 
students’ deductive reasoning through teaching ‘proof’ using various approaches. The 
issue addressed in this section of this paper is the impact this has on student learning. 
In the UK, a major study by Healy and Hoyles (1998; 1999) reports that even high-
attaining 14-15 year-olds show a consistent pattern of poor performance in 
constructing proofs. In fact, students in the UK ‘are likely to focus on measurement, 
calculation and the production of specific (usually numerical) results, with little 
appreciation of the mathematical structures and properties, the vocabulary to describe 
them, or the simple inferences that can be made from them’ (Healy and Hoyles, 1999, 
p. 166). Yet Healy and Hoyles also found evidence that students could respond 
positively to the challenge of attempting more rigorous and formal proofs alongside 
informal argumentation. 
In Japan, the teaching and learning of deductive reasoning remains a major problem. 
Despite the design of the textbooks, research indicates that while most 14-15 year-old 
students (Japanese secondary 3
rd grade) can write down a proof, around 70% cannot 
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understand why proofs are needed (Miyazaki, 1999; Kunimune, 2000). Similar results 
with a student who was educated in Hong Kong, where the geometry curriculum is 
similar to that in Japan, are reported in Healy and Hoyles (op cit, p. 166).  
Thus the approaches to deductive reasoning and proof evident in the textbooks in both 
the UK and in Japan have their own strengths and weaknesses. In the UK, students 
appear to complete lower secondary school with good skills in conjecturing and 
inductive reasoning but with little idea of deductive reasoning. Nevertheless, they can 
respond positively when challenged to produce deductive proofs. The current 
textbooks analysed for this study fail to exploit this potential. In Japan, for all the 
efforts evident in their textbooks to instil the notion of proof, a majority of lower 
secondary school students still fail to gain the sort of understanding of proof specified 
in the Japanese national curriculum. 
The final section of this paper looks at how we might capitalise on the strengths and 
mitigate the weaknesses in current textbooks, as this should prove helpful in 
formulating new curricular models and designing new student textbooks. 
THE IMPROVEMENT OF GEOMETRY TEACHING AND GEOMETRICAL 
EYE 
One of problems in geometry is related to students’ intuitive skills in that some 
students appear to be unable to ‘see’ geometrical properties, or decide where to start, 
when they solve exercises in geometry (Nakanishi, 1987). As we report in a previous 
paper (Fujita and Jones, 2002), in the early 20
th Century in England, Charles Godfrey, 
a leading mathematics educator at that time, insisted that geometry could not be 
undertaken only by logic. Godfrey proposed that the ‘geometrical eye’, the ability “to 
see geometrical properties detach themselves from a figure” (Godfrey, 1910, p. 197), 
would be essential to solve geometrical problems. He also stated that we could 
develop learners’ geometrical eye through experimental tasks (op cit, p. 197). Godfrey 
and Siddons endeavoured to implement this pedagogical consideration in the design of 
the geometry textbooks they produced. For example, the numerous experimental 
exercises they included were carefully chosen and designed, leading to showing and 
requiring a proof. Using this design, the aim of Godfrey and Siddons was to develop in 
students what they called the geometrical eye.  
Further research is needed to examine whether it would be possible to define more 
clearly the notion of the geometrical eye, what the relationships are between 
difficulties of proof in geometry and the geometrical eye, and how (or whether) it 
would be possible to develop students’ geometrical eye though practical tasks. Such 
research could make an important contribution to providing a firmer theoretical basis 
for formulating new curricular models for geometry and designing new student 
textbooks. 
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BSRLM GEOMETRY WORKING GROUP 
The BSRLM geometry working group focuses on the teaching and learning of geometrical ideas in 
its widest sense. Suggestions of topics for discussion are always welcome. The group is open to all.  
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